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INA METHOD ENTIRELY NEW. 


By which the ſeveral 


PLANES, LINES, AND POINTS, 
MADE USE OF IN THIS AR T. 


Are ſhewn in the true Poſitions in which they are to be conſidered. 


Invented, and now publiſhed for the Uſe of 


The ROYAL ACADEMY at WOOLWICH. 


BY F0:S5-N- 1-0-D-4- COWFLEY, 


3 
PROFESSOR OF MATHEMATICK Ss. 
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Sold by J. BEN NET, in Crown-Court, St. Ann's, Soho; Mathematical Inſtrument- 
Maker to their Royal Highneſſes WILLIAM Duke of Glouceſter, Prince HExRx, and 


Prince FREDERICK. MDCCLXV. 


* > . P — “e 
* 2 4 . ; 


* p k pe — WAS a WT - * * r — 
. 8 : A _—_ * ä 4a * r - - 392 4 
d 1 8 —_ I © +» e \ \ 4 . by Wis oat Op r 1 art dr” + / 
Pr S n Wt we wt OO od eG EET BEAD, - —_ a. ez 5 ED " n! 
9 * | A | SLIT +» . + % ax 2 got A PAS "— Fx. — f * «> * 1 hy an \ ” ** n 
I. p . „ * n = + = — AS >> — * _ Y > ns. * 3 » £ Go.” X Hoe e-nbs . . — Fog 2 n 2 — 
4:4: * ; & a : K F ˙ AN, Son te OS he OM — DES * . * 
7 * * 1 . P , 
- e . 6 7 1 6 9 a * v 0 5 7 F q * y 1 — F * 8 
. - R * - - _— 3 2 
Z wg * . —_— 4. <* +... 
* 
: * 
* - 
Fa 
uy 
a * 
* * 
* * 1 
* 
” 
* 
* 
* 
1 
5 * 
4 * 
* 5 
— 
*. 
* 
” 
= 
* 
- 
* U N j 
— '4 - x 
k 1 
| - 
7 / \ 
* 7 * : 4 
4 ks 
* * 0 «a, * N. 
* * * S 1 
. * 
a4. 3 
f * 
| .. £m gr 
* 


5 
8 
8. 


5 i 
0 
Y oy \ * 
7 j 
= 
_ k 
=_ 
=_ 
* F * 
13 
17 1 7 
© 
- 
= 
g « Iz 1 
» 1 CY N 
7 "= 
* 3 * 
2 
7 W * 
4 
0 <4 
x * 
1 4 ' 
0 „ 
9 1 
1 
WW * * 
"== 
% bf 4 
4 i 
1 _ It 
C = . 
* * 
« 5 
, "2 
_ 
= 
: 7 


TO THE MOST HONOURABLE 


JOHN MANNERS, 
MARQUIS OF GRANBY, ., 
One of His Majeſty's Moſt Honourable Privy Council, 
Lord Lieutenant Cuſtos Rotulorum of the County of Derby, 
Colonel of the Royal Regiment of Horſe Guards, 
Lieutenant General of His Majeſty's Forces, and 
Maſter General of the Ordnance, &c. &c. &c. 


My Lox, | 
TE great Honour Your Lordfhip has condeſcended to 


beſtow upon me in Your acceptance of my endeavours to 
facilitate the theory or true idea of PERSPECTIVE, 
warms me to the moſt faithful diſcharge of Tris, and every 
other duty of my ſtation ; well knowing it to be my beſt 
recommendation to Your Lordſhip's future favour and pro- 
tection, 


I am, with perfect eſteem, 


My Loxkp, 


Your Lordſhip's moſt obedient, 


Royal Academy, Woolwich, 
May 1, 1765. And moſt devoted humble ſervant, 


John Lodge Cowley. 
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1 Shall not here point out the uſefulneſs of PERSPEC- 


ITIVE, or the ſuperior excellence of the principles I have 
. endeavoured to explain, ſince the numerous writings of 
very eminent perſons, employed on this ſubject, are 


ſufficient teſtimonies of the former; and it is hoped 
the enſuing Treatiſe will fully evidence the latter. On 
the other hand, I frankly own, that my performance 
allows me not any reaſonable claim or pretence to an 
enlargement of ſcience, by extending its dominions, 
though this is confeſſedly the chief merit of an author. 
Inſtructing youth in certain branches of mathematical 
knowledge, planned and improved by others, is the pro- 
vince to which I am devoted; and to convey the ſenſe of 
my Lectures to ſtudents, in the moſt eaſy and perſpicuous 
manner, is the main point I aſpire to. 

The quick ſale of the whole impreſſion of my Arezx- 
Dix To EucLliy, and the repeated demands for that 
treatiſe, are indubitable marks of publick approbation 
and have determined me to expedite a ſecond. edition of 


— — 


| PRE FA UL 
| it, or rather a new and more comprehenſive work, which 
| I believe will prove a conſiderable help to ſuch as engage 
| in that part of mathematical learning ; no leſs perfuaded 
| that this my preſent attempt, to explain and facilitate the 
doctrine of Planes as applicable to Perſpective, will have 
a ſimilar effect, eſpecially as it has been approved of by 
| Tux nonovraBLE SIX CHARLES FREDERICK, son- 
| | VEYOR GENERAL OF HIS MAJESTY'S ORDNANCE, Who was | 
| pleaſed to conſider it in manuſcript ; on which foundation 
1, with the more confidence, ſubmit it to the publick, i 
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Pt TIVE, cord 0 the accounts of Hitbrihas! is 
derived from painting, particularly as employed in theatrical decora- 
tions, but was very little known until about the beginning of the 
ſixteenth century. The deſire of repreſenting on a plane, or flat 
furface, ſuch figures as ſhould produce, on the eyes of the ſpecta- 
tors, effects fimilar to thoſe which would be occaſioned by their 
being ſeen in relief, and at different diſtances, engaged the artiſts of 
thoſe times to conſider the apparent diminution of magnitude and 
alterations of poſition, which ſuch different objects exhibit to the 
eye, according as they are nearer to or farther from the ſame. 

In this reſearch it is, at leaſt, very probable, that a due obſervance 
of natural appearances furniſhed the firſt hints to intelligent painters 
how to proceed in this part of their art; for, by looking at a range 
of objects placed on lines parallel to each other, as rows of trees, 
&c. they could not but ſee them as converging together, and ap- 
pearing nearer and nearer to each other in proportion to their re- 
moteneſs : the ground, although really level, would ſeem as riſing 
upwards with a gentle aſcent ; on the other hand, in viewing a level 
plane elevated on high, as a flat cieling, &c. they would ſee it as 
appearing to decline or ſink in going off from the eye. 

Theſe, and ſuch like notices, may reaſonably be ſuppoſed the primary 
or principal guides by which artiſts were directed to make theimitations 
which they firſt produced of theſe kinds of appearances; and that illu- 
ſions of this ſort being publickly exhibited, induced geometricians, 

a 


| 
| 
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it A SUCCINCT HISTORY 
who are not to be ſatisfied with any thing leſs than rigorous exaQneſs, 
to examine ſtrictly into the cauſes of theſe effects, and the means of 
accurately inveſtigating perfect imitations of theſe illuſive appear- 
ances, and thereby Perſpective is- become a ſyſtem of mathematical 
rules, the true guide and firm ſupport of the imitative arts.. 


The ancients made it a general and leading principle to conſider: 
the objects, which they would repreſent, as being beyond a tran{- 


parent plane, ſo placed between the eye and the obje&ts, that all. 
rays iſſuing from them to the eye ſhould paſs through the ſame, and 


impreſs. thereon ſuch images as would have the ſame effect to an eye 


placed in the proper point for viewing them, as the real objects 
themſelves would produce 'when feen in their natural ſtate ; and the 


moderns have aſſented to this poſition of the ancients ; for, ſeeing 


that the image or repreſentation, thus imprinted on that plane, ſends 
to the eye the ſame rays as the real object itſelf would do, it is ma- 


nifeſt, . from all that has been diſcovered in optics, that no other 


ſenfation can be produced, but that ſimilar effects will be wrought 


upon the ſpectator; and that, if the variations of magnitude and po- 


fition be duly aſſiſted by the art of colouring, the illufion will be 


compleat: whence the art of Perſpective conſiſts abſolutely in a ge- 


ometrical determination of the points in which the ſeveral rays cut 
the ſaid tranſparent plane in proceeding from each point of the given 
objects to the eye. In ſhort, a perſpective repreſentation is no other 
than a projection of objects, due regard being had to the poſttion or 
place of the eye. 

This fundamental principle of the ancients may be yet more ge- 


nerally extended; for it is not neceſſary to imagine the objects be- 


yond a tranſparent plane, nor even that the plane ſhould be tranſ- 
parent; for the objects may be conſidered and treated as being 
between the eye and the plane on which they are to be repreſented, 
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and the viſual rays, by which the objects are perceived, may be pro- 
duced till they meet the plane which is to exhibit their images, and 
thereby mark out other points analogous to thoſe of the original 
objects from whence they proceeded, which ſeveral rays will form 
on that plane, when thus poſited, correſpondent images, which will, 
in like manner, ſhew the perſpeCtive repreſentations of the given ob- 
jects; but the other way of applying this principle is moſt generally 
uſed, and is therefore particularly alluded to in def. I. page 17. ne- 
vertheleſs the geometrician is at liberty to have recourſe to either 
as ſhall be moſt convenient. Y 

Virrvvivs, in his Architecture, book VII. chapter I. has pre- 
ſerved ſome of the Perſpective. of the ancient Greeks ; he obſerves, 
that one AGATARCHUs, having been inſtructed by Eschxlus how 
to draw theatrical decorations, was the firſt who wrote upon the 
ſubject; that Agatarchus taught his art to DEMocriTVUs and AN Ax- 
AGORAS, and that thoſe two, who were geometers, had alſo wrote 
about it. Vitruvius adds, that they ſhewed how to draw lines from 
a point in a certain place, ſo as ſhall aſſuredly repreſent buildings in 
a decoration, in ſuch manner, that ſome of them ſhall appear to pro- 
ject or advance towards the eye, while others at the ſame time ſeem 
to fall back-and retire. 

In this manner does the Roman architect explain the performances 
of Democritus and Anaxagoras ; we need only be barely initiated in 
the rudiments of optics to enable us for diſtinguiſhing the reſem- 


blance which the principles of the ancient Perſpective have to thoſe 


of our own ; for the point in a certain place, is that we call the point 
of fight, or place of the eye, which determines the hy of almoſt 
all the lineaments of the object. 

This is all we have left concerning the Perſpective of the ancients, 
as far as I can find; fo that we may, atleaſt, fairly account the mo- 
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derns, the * inventors of this art, which took its riſe among us 


in thoſe glorious days of painting, the lattef end of the fifteenth, 
or the beginning of the fixteenth'century.” => cc Uf SIE ad 
Two artiſts, who werte alſo good geometricians, ALBERT Dorrn 
in Wen and PET KO DEL BoROGO SAN STEPHAN O in Italy, 
gave rules for putting objects in perſpective. Durer did it mecha? 
nically by the help of a machine, whoſe conſtruction and uſe are 
founded upon the ancient principle before-mentioned. Borgo, who 
was a little before Durer, wrote three books upon the EY which 
Ignatio Dante highly extols, but they are loſt to us. 
After this author DANIEL BaRBARO, patriarch of ami pubs 
liſhed a treatiſe on this art, in 1579. * | 
BALTHAZ AR PERUZZ21, of Sienna, was happy in clearing 
Perſpective of many incumbrances which it laboured under in Italy, 
and gave it a degree of elegance, by introducing the uſe of points 
different from thoſe before made uſe of, as known to us, which are 
called poiNTs oF DISTANCE : this author has been exactly followed, 
even to a degree of ſervility, by VienoLA, the famous Italian archi- 
te, in his Treatiſe of Perſpective. SixIGATTI made uſe of Vig- 
nola in the ſame manner; and Ax DREA Pozzo,. ſo lately as the year 
1700, indulged himſelf in a free uſe of the ſame liberty. 
; Gv1D6 UBAaLDi MaARqvu1s DE MonTE, in a folio treatiſe, printed 
at Peſaro in 1600, conſidered Perſpective in a more ſcientific view 
than any of the former; he appears as being the firſt whoſe ideas 
tended towards rendering the principles of Perſpective univerſal; 
and greatly improved the art; by advancing this very prolific prin- 
<iple,' viz. that all lines, parallel to one another and to the horizon, 
although intlined to the table, or picture as it is now called, would 
conſtantly converge towards à point in the horizontal line, and that 
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the Laid point is that where the ſaid horizontal line i is interſected by 
the line drawn from the eye parallel to the afore - mentioned lines. 

Ubaldi might indeed have made his principle more general, by 
Few that all lines parallel to: one another, though not. parallel 
to the horizon, do meet in one certain point of the picture, namely, 
in that where it is cut by that particular parallel ray which is drawn 
from the eye; and there are conditions which n this augmen- 
tation to what he advanced. 

But what Ubaldi has given us may be mags: to ſuffice in the ordi- 
nary. caſes; of Perſpective, where ſuch objects moſt generally preſent 
themſelves as are terminated by lines perpendicular or parallel to the 
horizon ; for it is plain, that the apparent concourſe of all lines per- 
pendicular to the plane of the picture, being in the principal point, 
is only a particular caſe of Ubaldi's principle; for the ſaid principal 


point is no other than that in which the picture is interſected by the 


perpendicular drawn to the eye. In like manner, lines inclined 45 
degrees to the plane of the picture, meet in that point of the hori- 
zontal line in which it is cut by a line, drawn from the eye under 
an angle of 45 degrees. All parallels, inclined 30 degrees to the 


plane of the picture, will appear to concur in that point thereof, in 
which a line, drawn from the eye under the like angle, meets the 


ſame ; and the like of others. So that it would be no difficult mat- 
ter to ſolve the general and fundamental problem of all Perſpective 
after 25 different ways, as Ubaldi has done, but the ſame may be 
performed by other methods innumerable. As for the reſt of Ubaldi's 
work, it has the fault common to others of that time of day, and 
what he has there expanded, through a multitude of propoſitions, 
might have been elegantly comprehended in the compaſs of a few 
pages. 
b 
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yl With reſpect to hat has been tranſmitted to us by Marolois, che 
Jeſuit, and others, whom we call the writers on the old Perſpective, 
in contradiſtinction to the ſyſtem we here endeavour to explain, it 
feems ſafficiently manifeſt, that the works of Peruzzi and Ubaldi 
have been the general ſtore-houſe to which thoſe ſeveral writers have 
had recourſe for the principles they make uſe of; we ſhall there - 
fore paſs over, for the prefent, the numerous writings which have 
appeared on this part of the mathematicks, and not make 'any far- 
ther excurſions on a ſubjet, whoſe greateſt difficulties are within the 
reach of a moderate geometrician, but proceed to ſhew what were 
the next advances made towards bringing it to a ſtate of perfection, 
and into general uſe among artiſts, and others deſirous of a ac- 
quainted with this ufefal and pleaſing art of deception. 

. The celebrated geometrician, Dx. Book TAYLoR, F. R. S. ob- 
ferving how confined, intricate and ungeometrical, the principles of 
Perſpective were in his time, how few, ſimple and univerſal they in 
reality might be, defirous of eſtabliſhing new principles of ſimple 
conſtruction, univerſal in application, and ſupported by geometrical 
demonſtrations, condeſcended to write on · this ſubject, and pub- 
liſhed a ſmall tract, under the title of LIx EAR . in 
dhe year 1715. 

In this little piece the door made nine advances towards 
bringing this art to its ultimate degree of perfection. He juſtly ob- 
ferved, that all planes, confidered as ſuch, are alike in geometry, and 
mould in like manner be applied to Perſpective; that there are no 
exclufive honours due to the ground plane, nor any particular magic 
in the horizontal plane, nor conſequently in their correſpondent lines 
or points. He relieved us from the contracted limits in which our 
conceptions of this ſubject were inſcribed, enlarged and extended 
our ideas to univerſality itſelf, taught us the true uſe of vaniſhing. 
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planes, lines and points, in all fituations' in which they can poſſibly 


| 3 be concetved,' whether parallel, perpendicular, or any how my 
3 to the picture, or to the original objects, &c. | 
But finding that many objected againſt it on account of. its not 
bin ſufficiently eaſy to be generally underſtood ; he therefore, in 
the year 1719, publiſhed a ſecond ſmall treatiſe, called Nzw PRIx- 
CIPLES Or LINEAR PERSPECTIVE. - 
But this likewiſe, on account of the eee dreſs and bre- 
vity-of expreffion in which it was delivered, was not ſo generally ca- 
reſſed as it deſerved to be, nor the principles it contained fo much 
examined as he wiſhed ; wherefore he deſigned the publick another 
treatiſe, - propoſing therein to ſet forth thoſe principles in another 
light, ſuch that their preheminence above all others then in uſe 
might be more readily perceived, and the whole better adapted to 
the conceptions of young artiſts applying themſelves to Perſpective 
for works of defign ; but his death happening before the completion 
of thoſe intentions, the world was thereby deprived of the advantage | 
of ſuch a perfect piece as might reaſonably be expected from his | 
great abilities, and this method of Perſpective remained a knowledge 
enjoyed by few, and thoſe chiefly ſuch in whoſe hands it was not of 
the greateſt utility to the publick, through their not being of em- 
ployments which required ſkill in thoſe principles, for making the 
proper applications of them required in the arts of deſign. 

In the year 1738; Jon HAMILTON, Eſq; F. R. S. publiſhed two 
volumes, folio, under the title of STExEoGRAPHY, or a compleat 
body of Perſpective in all its branches, the projections of ſhadows, 
reflexions by poliſhed planes, &c. in ſeven books. This learned and 
9 ingenious author hath very copiouſſy treated the ſubject of Per- 
1 ſpective in a ſtrict mathematical way, with the aſſiſtance of Dr. Tay- 

lor's principles, whom he acknowledges to have made, in a few pages 


ä 
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only, more real advances towards perfecting the ſcience of Perſpec- 
tive, than all the writers who went before him. In this treatiſe, 
and alſo in thoſe wrote by Moxon, Pozzo, MaroLors, Lev- 
BOURN, and many others, he may ſee his miſtake, who aſſerts that 
it hath not been ſhewn how to find the perſpeCtives upon concave or 


convex ſurfaces, nor upon a figure of ſeveral faces, much leſs by 


reflexion or refraction, &c. * But this treaſury of mathematical pro- 
jection is little attended to, as being too difficult and diffuſive for ge- 
neral uſe among artiſts, notwithſtanding it is worthy of being con- 
ſulted occaſionally in ſome extraordinary caſes that may chance to 
occur, and has been conſidered in what is here offered the reader. 
In the year 1754, Mr. Kirby, deſigner in perſpective to their pre- 


ſent MAJESTIEs, publiſhed a treatiſe in quarto, titled Dr. Brook 


Taylor's Method of Perſpective made eaſy, &c. and in the year 1755. 
a ſecond edition thereof; which D. Fournier thought worthy for 
him to make free uſe of in his publication in the year 1764. 

In 1761, he publiſhed the Perſpective of Architecture, a large and 


elegant work in folio, containing two rules of univerſal application; 


improvements in the doctrine of ſhadows, the deſcription and uſe of 
a new and very uſeful inſtrument, called the architectonic ſector ; 


and the preſent year 1765 produces as third edition of that firſt 
publiſhed in 1754, 


This ingenious author, by attentively examining and applying Dr. 


Taylor's new principles of Perſpective to practice, was gradually led 
to a diſcovery. of their generality and facility in operation, ſaw how 
preferable and excellent they were in practical applications, how 


. * See Elements of Mathematicks, &c. together with a new Treatiſe of Perſpective, 
for the uſe of the Royal Academy at Woolwich. Printed for and fold by J. Milan, 
Bookſeller, oppoſite the Admiralty, Charing-croſs, 1765. 
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ſimple and extenſive their conftrudtions, what a vaſt confuſion of un- 
neceſſary lines were thereby avoided, and how beneficial they would 


be if generally known to arxtiſts concerned in works of deſign; poſ- 


ſeſſed with theſe and ſuch like conſiderations, he employed himſelf 
zealouſly to retrieve them from that ſtate of darkneſs in which their 


author's · brevity. of expreſſion and manner of writing had concealed 


them, and became the firſt among artiſts, who appeared in publick, 
to explain their true nature and uſe in adapting them ſuitably to the 
arts of deſign. 

The encouragement he met with at his firſt communicating this de- 


ſign, how joyfully our artiſts in general embraced it, the ſucceſs which 
attended and overcame all the various oppoſitions he had to encounter 


in-the proſecution of it, would come now to be explained, were I 


to continue the thread of my hiſtorical narrative beyond this period 


of time: but as theſe are things which would lead me to tranſmit 
an impartial account of ſome of this author's inventions, yet in ma- 


nuſcript, as alſo to recite the exploded ſyſtems again revived, the 


controverſal writings produced thereupon, and other ſuch like at- 
tempts, made for continuing theſe new principles in their former 
obſcurity, which, being matters that I think not altogether proper to 
be explicitly handled in this co-temporary publication, I reſerve them 
to a future ſeaſon, and paſs over this part of its hiſtory in ſilence, 
for the ſake of preventing any undue ſuggeſtions which my perſonal 
acquaintance with Mr. Kirby might, perhaps, be the means of 
bringing upon the moſt fair and juſt account that can be given, 
ſhall therefore confine myſelf to only one general and well-atteſted 
fact, publickly declared to all, and which ſhould alſo, for the very 
ſame reaſon, have been here omitted, had it not appeared to me, 
that the juſtice. due to the memory of thoſe ingenious authors, who 
have contributed to improve and exalt this art to perfection and ge- 
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neral utility, required my endeavours to reſcue them from the un- 


deſerved cenſure lately paſſed upon them, of not having made the 
leaſt improvement *; as well as to vindicate ourſelves, by ſhewing 
that what we have advanced in favour of our author is not our own 
bold afſertion only, but has the united ſuffrage of a body of artiſts, 
well qualified to judge deciſively in this matter, by whoſe order the 
following paragraph was inſerted in the ſeveral publick papers of the 
year 1754, viz. 


. ACADEMY of PAINTING and * in St. Martin's-Lane. 
Jan. 24, 1754. 

Mx. KIR BV, author of a work, 1 DR. BRook TAVYTOR's 
MzEgT#oD or PER9PECTIVE, MADE EASY, &c. has read three lec- 
tures (being the ſubſtance of his intended work) to the gentlemen 
of this ſociety, which appeared to them ſo clear, ſimple and exten- 
five, that, in order to do juſtice to ſo excellent a performance, they 
have unanimouſly given this their public approbation, and declared 
the ingenious author an honorary member of their body. 

By order, 
F. M. NzwrTon, becretary. 

To conclude, . I ſhall now only mention a few more of the many 
writings we have on this ſubject, viz. 

HoxD1vus, his perſpective n were formerly held in great 
eſteem. 

ALLEAUME's deſerves to be mare known than it is, being well 
adapted to the purpoſes of artifts. 

FATHER DE CHALES's is remarkably neat. 

S'GRAVESANDE's EssAI DE PERSPECTIVE, publiſhed at * 
in 1711, contains many new things, and is recommendable for 
practice, | 


See page 311 of the Treatiſe before alluded to. 
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OF PER SPECT IV E. 
FarRER LAux's contains ſome proper notices on the ſubject of 


painting. 
M. pELACAILLE's performance deſerves to be noticed with reſpect. 


THz NEW TREAT ISE, referred to in the preceeding note, is 


diſtinguiſhable for its extreme brevity and peculiar ſingularities, 
&c. 

As to what I haye here done, my whole deſign has been to lay 
before learners the method I have uſed in my private courſe of com- 
municating the knowledge of thoſe principles ſo far as concerns one 
of my profeſſion. I do not pretend to exhjbit a new treatiſe of per- 
ſpective, my pretence is to render the art rationally underſtood, 
facilitate the ſtudy of it, point out the true principles that ought to 
be applied by thoſe who would arrive at perfection in it, and to 
ſhew them how to diſtinguiſh between true principles and falſe ones, 
in an art where deception loſes all its beauty, when fo groſſiy handled 
as not to bear a correſponding reſemblance to reality. 
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wa In page 7, line 6, inſtead of Sax FicuRs, read as follows, viz. 
ll! Plate I. Fig. 1. Make the planesB M, S H, Interfect each other in 


„ the line H L. 
Ul; In page 11, let the Mond line begin n viz. F. 
an Raiſe up the plane D V, pafs the plane 8 H through the ſame, and * 
| | make the plane B M paſs through the plane S H. 


| 0 Whenever lines are mentioned, they are to be underſtood as being A 
bl. ſtraight lines. 4 
1 . 
i | The references here made uſe of allude to the Elements of Euclid, 


as publiſhed by Profeſſor Simſon, of Glaſgow, octavo edition, 1762, = 
thus (4. 1.) denotes the fourth propoſition of the firſt book, &c. i 
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DEMONSTRATE D. 
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OF THE DOCTRINE OF PLANES. 
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A Line is perpendicular, or at right angles to a plane, when it 
makes right angles with every line meeting it in that plane. 


ILLUSTRATION. Plate I. Fig. 1. 

Make F in the plane F B coincide with F in the plane FN. Then, 
if the angles E DF, E D K, E DN, &c. are each a right angle, the 
line E is perpendicular to the plane FN. 

II. 
A plane is perpendicular to a plane, when all lines drawn in one 


of the planes, perpendicularly to the common ſection of the two 


planes, are perpendicular to the other plane. 


B 
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SAME FIGURE. 

The lines BA, ED, G F, &c. being drawn in the plane BF per- 
pendicularly to A F, the common ſection of the two planes B F, FN, 
if they are alſo perpendicular to the plane FN, the plane B F paſting 
through thoſe lines, is perpendicular to the plane FN. 

: III. 

The inclination of a line to a plane is the acute angle formed by that 
line, and another line drawn from the point, in which the firſt line meets. 
the plane, to the point in which a perpendicular to the plane, drawn 
from any point of the firſt- mentioned line above the plane, meets the 
ſame plane. 

SAME FIGURE. 

Thus the acute angle F D G is the inclination of the line D G to 
the plane F N. 

IV. 

The inclination of a plane to a plane is the acute angle formed by 
two lines drawn from any the ſame point of their common ſection 
at right angles to it, one upon one plane, and the other upon the 
other plane. 

SAME FIGURE. 

Raiſe up the planes D V, Z X, making W coincide with W y. 
Then the line D W, being the common ſection of the planes D V, 
D Z, and R T perpendicular thereto, and R $ alſo perpendicular 
thereto, at the ſame point R, the acute angle $-R T is the inclina- 
tion of the plane D Y to the plane DZ. 

V. 

Two planes are ſaid to have the ſame or a like inclination one to 
the other, which two other planes have to each other, when the ſaid 
angles of inclination are equal to one another. 
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VI. 
Two planes, which, being either way produced, do not meet each 
other, ate ſaid to be parallel one to the other, 
— VII. 
A pyramid is a ſolid figure contained by planes that are conſtituted 
betwixt one plane and one point o out of that plane, all moeting in 
that one point. 


ILLUSTRATION. Plate II. Fig. 2. 
Make B in the triangle LA B coincide with B in the plane L B, 
alſo make C coincide with C, and L with L, and B in the triangle 
B AE with B in the plane L B, then will the Figure thus formed 
repreſent a pyramid: 


VIII. 

The point A is the vertex of the pyramid. The plane LB the 
baſe thereof. The planes LAB, BAC, &c. the Sides thereof. 
And the line AH the perpendicular altitude or height thereof above 
the plane of its baſe LB. 


THEOREM I. 
One part of a line cannot be in a plane and another part thereof 
above it. 
PLATE I. Fig. . 
Make F in the plane F B coincide with F in the plane FN. 


DEMONSTRATION. 

For, if it be poſſible, let A D, part of the line AD G, be in the 
plane F N, and the part D G above the ſame, then A D being in 
the plane FN, it can be produced in that plane ſuppoſe to F; now 
the points D and G are in the plane BF, which paſſes through the 
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line AF, whence the line DG is in the plane BF, (7 def. 1.) 
wherefore the two lines AD G, A D F, are in the ſame plane, and 
have a common ſegment. AD, which is impoſſible (cor. &. 1.) 
ITY, 2 E. D. 
THEOREM II. 
Two lines, which cut one another, are in one plane, and three 
lines, which meet one another, are in one plane. 


SAME FIGUR E. 

Make F coincide with F, and the planes BM, SH paſs through 
each other in the line H L, and let p k, r H be two lines cutting 
one another in C; I ſay thoſe two lines, as alſo the three lines CH, 
C k, H k, meeting each other, are in one plane. 


DEMONSTRATION. 

For neither can p C, part of p k, nor r C, part of er H, be in one 
plane, and the other parts CH, C k, out of that plane by the pre- 
ceedent ; wherefore the lines p k, r H are in one plane. And if you 
ſay that C P x, part of the triangle CH k, is in one plane, and the 
other part PH k x in another plane, then muſt CP be in one plane 
and P H in another, the ſame likewiſe of Cx and x k, which is im- 
poſſible ; therefore the triangle C H k is in one plane. 2; E. D. 


THEOREM III. 
If two planes interſect each other, their common ſection is a 
ſtraight line. 
SAME FIGURE, 
Let H and L be the extremes of the common ſection of the two 
planes BM, 8 H, join thoſe extremes by drawing the line H L. 
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DEMONSTRATION. 

Then is the line HL in both the ſaid planes; that line is therefore 
their common ſection by conſtruction, for if you ſay it is not in 
both the planes, then may two lines be drawn between the ſame 
extremes, one from L to H in the plane 8 H, and another from L 
to H in the plane BM ; thus would two lines, bounded between the 
ſame extremes, include a ſpace, which is impoſſible, (axiom 10. 1.) 
wherefore H L muſt neceſſarily be in both the planes 8 H, B M., 
which is therefore their common ſection. | Q, E. D. 


THEOREM IV. 
If one line be perpendicular to the common ſection of two other 
lines which interſect each other, it is alſo perpendicular to the plane 
which paſſes through the ſaid two interſecting lines. 


ILLUSTRAT ION. Plate II. Fig. 3. 

Make E in the plane EBC to coincide with E in the plane CDE, 
and paſs the plane F BD through the plane E BC, alſo make the 
plane G B H paſs through both the ſaid planes, making H coincide 
with H. | 
DEMONSTRATION. 

Let there be taken AC ADS AE AF, and draw the lines 
CD, CF, FE, ED alſo through A in the plane C D E F, draw the 
line G H any how, meeting the lines CF, DE, in G and H, and 
let AB be perpendicular to the two lines CE, D F at, their com 
mon ſection A, and draw the lines BC, BF, BE, B Hand B D. 

Now by conſtruction AC, A D, AE and AF are equal to each 
other, and the angle CAFS = D AE, (rs. 1.) whence CF=DE 


(4. 1.) and the angle FCA or G CAD EA or HE A, ſo like 
i | * 
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wiſe GAC=HAE, and AC=AE; therefore 1 is AG=AH and 
GC=HE (26. 1.) | 

Again, enen eee 
— the triangles CAB, DAB, E AB, FAB, are each right 
angled at A, having their baſes equal each to each, and the perpen- 
dicular A B common to them all, whence their hypothenuſes will 


alſo be equal each to each, B C=BD=BE=BEF; wherefore the 
triangles CBF, D BE, being mutually equilateral, the angle F C B 
or GCB DE B or HE B, (8. 1.) and becauſe GC=HE and 


BC=BE, therefore is BG=BH. 

But it was proved above, that AG AH, and A Bis common, 
ice the angle G AB HAB, conſequently A B is perpendicu- 
to the line G H (def. 10. 1.) and in the ſame manner it may be 
proved, that A B is perpendicular alſo to C E, F D, and all other 
lines whatever that can be drawn in the plane C DE F through the 
point A, on which it inſiſts; therefore A B is perpendicular to the 
plane paſſing through the lines CE, D F, &c. E. D. 


COROLLARY. 

Hence it follows, that when a line, as A B, is at right angles to 
ſeveral lines, as AF, AE, &c. which it meets in the ſame point, 
as A, the lines which it ſo meets, are all in the ſame plane; for a 
line, as A K, drawn from A out of the plane C D E F, cannot be 
perpendicular to A B, becauſe the angle BAK will be leſs or greater 
than a right angle, or B A H, according as A K is drawn above or 
below the ſaid plane C 2 E F. 


THEOREM V. 


If in a given plane a line be drawn through any point thereof, and 
two other lines perpendicular thereto be alſo drawn from the faid 
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given point, one of them in the ſaid given plane, and the other in 
any other plane paſſing through the firſt-mentioned line, I ſay, that 
a line drawn from the ſaid given point at right angles to the firſt of 
thoſe two perpendiculars, will alſo be perpendicular to the given 
Oy at the given point. | 


SAME FIGURE. | 
1 B M be the given plane, C the given point, H L a line du 
through the ſame, CE a line drawn in the given plane perpendicular 


to HL, and CR another line perpendicular to H L, but drawn in 
ſome other plane, as 8 H, paſſing through the firſt- mentioned line 


HL; alſo let CI be a line drawn from the given point C at right 
angles to the firſt perpendicular C E, and it will alſo be eee 
cular to the given plane B M at the given point C. 


DEMONSTRATION. | 
Becauſs CH is perpendicular both to CE and CR by 1 
it will alſo be perpendicular to CI by the preceedent, and therefore 
C I being perpendicular to C E as well as to C H by hypotheſis, it 
will alſo be perpendiculor to the plane BM, which contains the 
lines C H and CE, by the preceedent. 2, E. D. 


T HE OR E M VI. 


Two lines, which are perpendicular to one and the ſame plane, 
are parallel to each other. | 


SAME FIGURE. 
Make K in the triangle G FK coincide with K in the plane FN, 
and let ED and G F be each perpendicular to the ſame plane FN, 


8 OF THE DOCTRINE OF PLANES. 
and in that plane draw the line FD, and perpendicular thereto draw 
DK F G, alſo let there be drawn the lines FK, GK and G D. 


DEMONSTRATION. 

The triangles G F D, F DK, having G F =D K, by conſtruction, 
the ſide FD common, and the angle G FDS FD K, each being a 
right angle, will al ſo have G D=FK, (4. 1.) whence the triangles 
G PDR, G FE being mutually equilateral, the angle G DK or GFK 
is a right angle, (8. 1.) but the line ED is alſo perpendicular to 
D K, as well as the lines G D, F D; it is therefore in the fame plane 
with them E D F G, conſequently the angles G F D, E DF being 
right angles, E D is therefore alſo parallel to F. G. . E. D. 


Sir l 

Hence it appears, that there cannot be drawn more than one per- 

pendicular from the ſame point to one and the ſame plane, for all 

lines perpendicular to the ſame plane are parallel to each other, 
ahich lines, drawn from one and the ſame point, cannot be. 


THEOREM. VII. 
If there be two parallel lines, one of which-is perpendicular to a 
plane, the other will alſo be perpendicular to that ſame plane. 


SAME FIGUR E. 

The angles F D K, G D K being right angles, and GD in the 
ſame plane with the propoſed parallels G F, E D, the angle E D K 
is alſo a right angle, (4. 11.) as is alſo the angle ED F; therefore is 
ED perpendicular to the plane F D K. 9. E. D. 
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THEOREM VIII. 
If a line be drawn from any point in one of two parallel lines to 
any point in the other, that line will be in the ſame plane with the 
ſaid parallels. 


SAME FIGURE. 

Let BX, EQ be two parallel lines in the plane BM, and take 
any point H in one of them, and any point C in the other, then will 
the line which joins the points H and C, be in the plane of the pro- 
poſed parallels. 


DEMONSTRATION. 

If you ſay it is not, ſuppoſe it above that plane as the line Cu H, 
and in the plane of the parallels draw C H, then will the lines Cu H, 
CH, be terminated by the ſame extremes, and include a ſpace, 
which is impoſſible, (ax. 10. 1.) whence the line joining the points 
C and H can not be above the plane of the propoſed parallels, in like 
manner it will appear that it can not be below the ſame; therefore it 
mult be in the ſame plane with them. 2, E. D. 


THEOREM IX. 
If a line be perpendicular to a plane, any plane paſſing through 
that line, will be at right angles to the plane whereto the ſaid line is 


— 


SAME FIGURE. 

Let E D be a line perpendicular to the plane FN, and BF a plane 
paſſing through that line, and it will alſo be perpendicular to the aid 
plane FN. | 

DEMONSTRATION, 
From any point, as B, taken at pleaſure in the plane B F, draw 
D 
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BA perpendicular to A F, the common ſection of the two planes 
BF, FN, then is the angle FAB F D E, equal a right angle, 
(def. 3. 11.) whence BA is parallel to E D, and is therefore per- 
pendicular to the plane FN, by the foregoing theorem 7. In like 
manner it may be proved, that every line which can be drawn in the 
plane B F perpendicularly to A F, the common ſection of the planes, 
will be alſo perpendicular to the plane FN, therefore the plane BF, 
paſſing through thoſe lines, will itſelf be alſo perpendicular to the 
plane FN. E. D. 
SG 

Hence it follows, that the plane FN, according to the ſenſe of the 
definition, is perpendicular to the plane B F; for let DK be a line 
drawn in the plane FN, perpendicular to A F, the common ſection 
of both planes, at the point D, and it will alſo be perpendicular to 
E D; and therefore the plane FN, in which it was ſo drawn, is 
alſo perpendicular to the plane B F, paſſing through the ſaid line 
E D. | . 

| COROLLARY II. UK's 

Hence it alſo follows, that a line, drawn at right angles to one ot 
two perpendicular planes from any point of their common ſection, 
will be in that other plane. For let the two perpendicular planes be 
F N, B F, their common ſection A F, and D a point in the ſame; 
alſo let D E be at right angles to the plane FN, then muſt D E be 
in the plane B F, for no other line can be drawn from the point D 
at right angles to the plane F N, as * by the corollary to the 
foregoing theorem 6. 

THEOREM X. 


Planes, to which one and the ſame line is perpendicular, are pa- 
es to each other. 


— = - 5 * » #5 K 
N 


| | — ata ated 

— * I 2. — * - * * 8 O10 > 

FI n 3 — of What 8 - ol ms 9 * 5 

2 2 e 4 2 4 2 4 wh . = . r * 
n n — a ite LD. 3 
. F e. 0 * * 


e E. 

r 
2 2 

2 2 . 5 


r 
ria” 9 427 


„ae 
N aw 


* * * Fe # A 
* Po ha \ * 
1 2 e 
2 ki r 
» 


oF THE DOCTRINE OF PLANES! 11 


* naa. e 4 77 
Let E C be . to the plane B F, and alſo to the plan 
S H, then are thoſe planes parallel. 


$444 DEMONSTRATION. 

From any point, as D, in the plane BF, draw D R parallel to 
E C, and it will alſo be perpendicular to both the planes BF, SH, 
by theorem 7. Let the lines ED, CR be drawn, now ſeeing the 
angles at E, C, R and D, are each right ones, (def. 1.) the figure 
E CRD is a rectangled parallelogram, by reaſon its ſides ED, C R 
are in the ſame plane D V, with the parallels E C, D R, conſe- 
quently EC DR, the ſame way it can be proved, that all other 
perpendiculars, terminated by thoſe two planes BF, SH, are alſo 
equal to each other ; therefore the ſaid planes are parallel. Q, E. D. 


COROLLARY. 
Hence it appears, that all lines, which are perpendicular to one 
of two parallel planes, are alſo perpendicular to the other. 


SCHOLIUM. 
From the two laſt theorems, the ſenſe and propriety of the two 
definitions of perpendicular and parallel planes appear manifeſt. 


THEOREM XI. 
Lines which are parallel to one and the ſame line, though not in 
the ſame plane with them, are parallel to each other. 


SAME FIGURE. 
Paſs the plane 8 H through the plane D Y, alſo paſs the plane BM 
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through the planes 8 H and 2 X, and let BG, XM. be each * 
to Z W then are they alſo parallel to each other. 


DEMONSTRAT ION. 
Draw E W, WQ, each perpendicular to ZW, then will WQ 
be perpendicular to the plane paſſing through EW Q. and E B, 
QR, will alſo be perpendicular to the ſame plane, whence they are 
alſo parallel to each other; therefore che lines B G, X M, are pa- 
rallel one to the other. | 9, E. D. 
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THEOREM XII. 

If two lines, meeting each other in one plane, be reſpecixely 
parallel to two other lines alſo meeting each other in ſome other 
plane, then will the angle, formed by the two lines meeting in the 
firſt- mentioned plane, be equal to that formed by the meeting of the 
other two lines in the other plane. 


_ 
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: SAME FIGURE. | a 
Let the lines LC, C R, in the plane SH, be reſpectively * 
to the lines GE, E D, in the plane B F, then will the angle LC R 
N in att | 


DEMONSTRATION. 

Take CL, CR, GE, ED, all equal to one another, and let 
CE, RD, DG, LR, GL, be drawn, then C R and D E, being 
equal and parallel to each other, as alſo L C equal and parallel to 
G E by hypotheſis and conſtruction, G L and R D are both equal 
and parallel to C E, conſequently equal and-parallel to each other, 
(33. 1.) whence DG=LR, and the triangles LC R, G E D, be- 
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ing mutually equilateral, the angle I. CR is therefore equal to the 
angle GED (8. 1.) 5 E. D. 


THEOREM XIII. 
If two lines, meeting each other in one plane, be reſpectively pa- 
rallel to two other lines, meeting each other in another plane, then 
the two planes, paſſing through thoſe lines, will alſo be — to 
each other. 
SAME FIGURE. 

Let the lines E D, E G, in the plane BF, be reſpectively parallel 
to the lines U c, U O, in the plane SH, then are the planes B F, 
8 H, paſſing through thoſe lines, parallel to each other. 


DEMONSTRAT ION. 

Draw E C perpendicular to the plane B F, meeting the plane 8 H 
in C, in which plane let there be alſo drawn Cr, r ſ. reſpectively 
parallel to UO, U c, then are Cr, rf, reſpectively parallel to E G, 
E D, by theorem 11, and becauſe CE G, CE D, are right angles 
by conſtruction, ECL, E C R, are likewiſe right angles; whence 
E C, being perpendicular to the plane 8 H, by theorem 4, and alſo 
to the plane B F, by conſtruction, the two planes B F, SH, are 
therefore parallel one to the other, by theorem 10. 2; E. D. 


THEOREM XIV. 
If two parallel planes are cut by a third plane, the ſections made 
thereby are parallel to each other. | 


SAME FIGURE. 
Let the parallel planes B F, 8 H, be cut by the plane D V, then 


are the ſections E D, C R, parallel one to the other. 
E 
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DEMONS TRATION. „ 
Droid ELandDS parallel to each other, alſo draw E 0. D R. 
perpendicular to the plane 8 H, and draw CL, SR, then E L be- 
ing parallel to D 8, by conſtruftion, and E C parallel to D R, by 
theorem 6, the angle C LES RS D, by theorem 12, but the angle 


E CLS D R, as being each a right angle, and E C D R; whence: 


EL is both equal and parallel to D 8, therefore E is alſo parallel 
to CR. 2. E. D. 
COR O. LLAR V. 
Hence it appears, that lines parallel to each other, and terminated 
by the ſame parallel planes, are alſo equal to each other. 


T HE OR E M XV. 

If, from the extremes of a line paſſing through a given plane, be 
drawn two lines, each meeting the ſaid plane at right angles, the 
line, which joins the two points where thoſe two perpendicular 
lines meet the ſaid plane, will be cut by the firſt- mentioned line, in 
that point where it paſſes through the ſaid plane, and be thereby di- 
vided into two ſuch parts, as bear the ſame ratio to each other, 
which the two perpendiculars, meeting the plane, have one to the 
other. 

SAME FIGURE. 

Let n m be the line cutting the given plane B M in the point C, 
and from n and m, the extremes thereof, draw the perpendiculars 
nr, m H, meeting the plane 8 H in the points r and H, and draw 
the line Hr; then will er C: CH:: In: Hm. 


DEMONSTRAT ION. 


Produce nr as here to ſ, then ſeeing nſ, m H, are each perpen- 


dicular to the plane B M, by hypotheſis, they are parallel to each 
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other by theorem 6, whence the lines nm, Hr, being both in the 
ſame plane with thoſe parallels,” and terminated by them, as they 
are not parallel to each other, they will meet or interſect each other, 
and thereby make the alternate angles equal one to the other, that 
is, 11 C HMC, as alſo r Cn = H Cm; whence the triangles 
nr C, mH C, being ſimilar, it will therefore be r C: CH:: nr 
mH. 2 E. D. 
S. 

Hence it follows, that if, in the plane B M, there be drawn the 
lines r f, H X, parallel to each other, and in them be taken r p=n r, 
and HK H m, then will the line p k, joining the points p and k, 
interſe& H r in the ſelf ſame point in which it was before interſected 
by the line nm. For if h be conceived as the interſection point of 
pk with Hr, the triangles prh, Hh k, will be equiangular ; 
whence we have rh: hH::rp:HKk, - 

and nr: Hm::rC: CH, 
but rp nr, and HRK Hm, 
wherefore nr: Hm: : TC: C; therefore, ſeeing r H is divided 
into one and the ſame ratio by both the points C and h, thoſe two 
points muſt neceſſarily coincide together, or vaniſh into one point 
only. 
T. HE O RE M XVI. 

If two planes, interſecting each other, be both perpendicular to a 
third plane, the common ſection of thoſe two planes will be alſo per- 
pendicular to the ſaid third plane. 


SAME FIGURE. | 
Let the planes DV, S H, be each perpendicular to the plane AZ, 
interſecting each other in the line CR, then is their common ſec- 
tion C R perpendicular to the plane A Z. | 
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OF THE DOCTRINE OF PLANES APPLIED TO 
THE TRUE PRINCIPLES OF PERSPECTIVE. 


-. 0 q 
La 4 ＋ 


nnr eee 
I. 1 K 

Pexzeecrive is that part of mathematical projection which 
gives rules for deſcribing, upon any given plane, the repreſentations 
of any given objects, ſo as to exhibit thereon the exact forms, mag- 
nitudes and poſitions thereof, ſuch as they would be ſeen to have 
upon that plane, by an eye fixed in one certain point, and viewing 
them from thence through the ſaid given plane, ſuppoſing it to be 
perfectly tranſparent, or as glaſs, &c. 


ILLUSTRATION. Plate III. Fig. 4. 

Raiſe up the plane D Y, and paſs the plane S H through the ſame, 
in the line CP, then bring R, in the plane F G, to coincide with 
R in the plane F M, raiſe up the plane MX, and paſs the plane 
GX through both the planes S H and MX. 

Suppoſe now the plane S H tranſparent, and A B a line in the 
plane F M, ſeen by an eye fixed at E, and viewing it through the 
plane SH, then will A and B, the extremes of that line, appear on 
the plane 8 H, in the points a and b, where the lines AE, BE, 
drawn from, or iſſuing thence to the eye at E, cut or interſe& the 
faid plane 8 H; and all other lines which can be drawn, or con- 
ceived to iſſue from any other of the points in the line A B to the 
eye at E, will, by their interſections with the plane 8 H, mark out 
other intermediate points between a and b, and the whole line AB 

F 
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will be thereby depicted; on the plane 8 H, by the line a b, E 
is — _ true bent or nne —— 
8 E H O L I'D M "SHS 

Hense it appears, that the given plane, on which the ks: 
tions of the given objects are to be drawn, muſt be ſo ſituated in re- 
ſpect tothe given objects and the point in which the eye is placed, 
that all lines, which can be drawn or conceived to iſſue from them 
to the eye, may paſs through the ſaid plane; for, ſeeing the repre- 
ſentations thereof are determined upon that plane by the interſections 
made thereon, by lines paſſing through it in proceeding from them 
to the eye, it is plain there can not be any repreſentations formed on 
that plane of objects which are ſo poſited, that the lines iſſuing 
from them to the eye, do not cut the plane on which they are re- 
quired to be deſcribed ; whence the neceſſity of the above-mentioned 
poſition of the ſaid given plane appears manifeſt, 

II. 

The plane 8 H, upon which the given objects are repreſented, is, 
in mathematical terms, called the plane of — but here v we 
term it the PICTURE, 


III. 

The plane, which contains the objects given to be deſcribed on 
the picture, is called the oRIGINAL PLANE. _ 

Thus the 0 F Mi is here the e Plane. | 

DV: 

The ds in which: yay eye is fixed for viewing the given ob- 
jects, or their ä on * e is ce the N of 
ms eye, Or POINT. OF '$IGHT, 

"Thus E'is e 9 4 
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8 CF OL I-U M. | 
The place of the eye, or point of ſight, ache to be juſtly . 
tained, by having due regard to the ſize, ſituation, &c. of the pic- 
ture and original plane; for an injudicious determination in this re- 
ſpect, produces ill effects in the repreſentations formed on the picture, 
as appears from a recent inſtance hereof in a late production, in 
which the author has made ample diſplay of inconſiſtent repreſen- 
tations, formed by tranſgreſſing the rules requiſite to be obſerved on 
this occaſion. How faults of this kind are to be avoided, will be 
ſhewh in the annotations or general comment hereto annexed. 
| | V. 1 | ON 

A line drawn from the eye, perpendicular to the picture, and 
meeting the ſame, is called the DISTANCE, or AXIS OF THE EYE, 
or diſtance of the picture. | 

Thus EC is . * or diſtance of the 
picture. 

VI . 

The point; in which the axis of the eye meets the at is the 
CENTER OF THE PICTURE. 

Thus C is the center of the picture 8 H. 

VII. 

The deſeriptions made upon the picture of any original objects, 
whether they be points, lines, ſurfaces or ſolids, are called the = 
ſpective repreſentations or IMAGEs thereof. _ 


Thus the line a b is the perſpective nee or image of the 
goon line AB. 


VII, 
W plane, paſſing through the point of ſight, a to any ori- 
ginal plane, is called the vANIS4ING PLANE of that original plane. 
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Thus the plane G X, being parallel to the original plane, F M, 
and paſling through E, the point of aht, is the vaniſhing plane of 
the ſaid plane F M. N 5 

K. 
A a paſſing through the point of dab. parallel t to che pic- 
ture, 1s called the DIRECTING PLANE. 

Thus the plane F G, being parallel to the lth SH, and paſſing 
through E, the point of ſight, is the directing plane. 

- | ; 

A plane, paſſing through the axis of the eye at right angles to 
the original plane, is the VERTICAL PLANE of the faid original 
plane. 

Thus DY is the vertical plane of the original plane F M. 

XI. 

The line, in which the directing plane cuts the original * is 
called the DIRECTING LINE of that original plane. 
Thus FR is the directing line of the original plane FM. 

XII. 

The line, in which a vaniſhing plane cuts the picture, is called 
the VANISHING LINE of the N plane correſponding to that 
vaniſhing plane. 

Thus HL is the vaniſhing line of the original plane F M. 
XIII. 

The "mg in which a vaniſhing plane cuts the directing plane, is 
called the zvz's PARALLEL, 

Thus I G is the parallel of the eye when placed in E. 
| XIV. 

The line, in which the vertical plane interſects the direQing plane 
is called the Din Ec TOR, or HEIGHT OF THE EYE. 


Thus ED is the director or height of the eye when fixed in n E. 
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XV. | 

| The line, in which the picture interſects the original plane, is 

called the INTERSECTING LINE of that plane. * 

Thus SP is the interſecting line of the original plant 1 
XVI. 

The line, in which the picture interſeQs the vertical plane. is 

called the vERTICAL LINE of the original plane. 

Thus CP is * vertical line of the original Plaue FM. 

| XVH. 

The point, in which. an original. line, produced: when neceſſary, 
cuts the interſecting line, is called the INTERSECTING POINT of 
"that original line. 

Thus P is the interſecting point of the original line AB, and 8 
that of che original line MN. 
1 a 
The point, in which an original line, produced if neceſſary, cuts 
the directing line, is called the DIRECTING roIN x of that original 

Thus D is here the directing point of A B, and alſo of MN. 

| XIX. 

The point, in which a line, drawn from the point of ſight, parallel 
to any original line, cuts the Pure, is called the VANISHING POINT 
of that original line. | 

Thus E C, being drawn. parallel to AB, the point C is the va- 
niſhing point of AB; and E V, being parallel to MN, the 18 V 
is the vaniſhing 4 of that uns M N. | 

XX. | 

The point, in which the vertical line cuts a yaniſhing line, is 

called the CENTER or THAT VANISHING LINE. | 
G 


— 


Thus C is the center of the n. line H L, the ſame here 
with that of the Al 
XXI. $2 
- The diftance damen the point of ſight and the center of a va- 
niſhing line, is called the DISTANCE OF THAT VANISHING LINE. 
Thus E C is the diſtance of the vaniſfling line H L. 
XXII. 

The diſtance between the point of ſight, and the Nennt in which 
a line drawn from thence, parallel to any original line, cuts the pic- 
ture, is called the DIsTANCE oF THE VANISHING POINT of that 
original line. 

Thus E C is the n of C, the vaniſhing vole of A B, achd 
E V, the diſtance of V, the vaniſhing point of M N. 

XXIII. 

When the image on the picture is a point, the line which produces 
it in paſſing from the original to the eye, is called a RA, or oPTIC 
RAY, &c. 

Thus A E, producing the image a, is called a ray, as is alſo B E, 
which produces the image ba | 


XXIV. 
When the image is a line, the feveral rays which produce it are 
together called a PLANE OF RAYS. 
Thus all the rays, that can be conceived to iſſue FOR ach of the 
points in A B, meeting together in E, conſtitute a plane of rays. 
When the original is a circle, then the ſeveral rays, which pro- 
duce its image on the picture, are called a Cont oF RAYS. 
- XXVI. - 
And when the original is a right-lined ſurface or folid, the rays, 
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iſſuing from the ſeveral points thereof, are called a PYRAMID or 1 
RAYS 57116 ; | 
ILLUSTRATION. Plate IV. Fig. 5. | 

| Raiſe up the plane D C, and make the plane OP paſs through the 
ſame, then raiſe up the plane 8 T, and bring D, in the plane PD, | 
to coincide with D in the plane D K, and paſs the plane LB through 
both the planes OP, ST, alſo bring D, in the plane D V, to co- 
incide with D, and paſs the plane M N through both the planes 1 
OP, ST. 1 
Then the three planes of rays BE C, CE G, B E G, taken toge- * 
ther, form a pyramid of rays, and ſo of the others, as exhibited in 


the figure. 


THEOREM I. { 

The parallel of the eye, interſecting, vaniſhing, and directing 
lines, belonging all to the ſame — plane, are parallel to each "nt 
other. j 
PLATE Ul. Fig. 4. 1 

Make the picture 8 H paſs through the vertical plane D Y in the ik 
line CP, and paſs the plane G X 2 both the Planes SH and | 4 
| 


M X. 
Now let F M be the original plane, I G the parallel of the eye, | | 

8 P the interſecting, H L the vaniſhing, and F R the directing lines 1 

thereof; I fay, thoſe ſeveral lines are — one to the other. i 


DEMONSTRATION. x | i 

Becauſe the picture and directing plane are parallel, (def. IX. ) the q 
vaniſhing and original planes alſo parallel, (def. VIII.) the ſections | 
made by thoſe planes are parallel; (theorem XIV. part I.) therefore þ | 
the lines IG, SP, HL and FR, are parallel to each other. | 
9, E. D. | 
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74 C OROLLAR v. 

Henee i it follows, that any one of thoſe lines, and any point in ano» 
ther of them, being 8 given, that othes line may thenee be determined; 
for a line, drawn'through that point, parallel to the given line, will 
be the line required. But it does not follow, as an axiom, that theſe 
two lines will be in the ſame plane, for, before that can be rightly 
afſerted, the interpofition of another FRO, diſtinct from the former, 
muſt be introduced. 

| THEOREM II. 

The vertical plane is perpendicular to the picture, the vaniſhing, 
directing and original planes, and alſo to the parallel of the eye, 
the interſecting, vaniſhing, and Greting lines of that ſame original 
plane. 

1 SAME FIGURE. 

Let DV be the vertical plane, and the other mentioned planes and 

lines the ſame as in the preceedent. 


DEMONSTRATION. 

The line E C is perpendicular to the picture, (def. V.) and the 
vertical plane D Y paſles through that line, (def. X.) the vertical 
plane is therefore alſo perpendicular to the picture, (theorem IX. 
part I.) and likewiſe to the directing plane, which is parallel thereto. 
(def. IX.) the ſaid vertical plane is alſo perpendicular to the original 
plane, (def. X.) whence it is alſo perpendicular to the vaniſhing 
plane, that being parallel thereto ; (def. VIII.) wherefore the ſaid 
vertical plane, being perpendicular to each of the four above-men- 
tioned planes, it is therefore perpendicular to the common ſections 
IG, HL, SP, FR. | 2 .. 
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THEORE M. III. 
The director is perpendicular both to the directing line and the 


parallel of the eye. And the vertical line is perpendicular both to 
t the interſectin g and vaniſhing lines. 


8AM E FIGURE. 

2 E 'D be the director, CP the vertical line, and the reſt as 
before. 

DEMONSTRATION. 

The lines 1 G, H L, SP, FR, being all perpendicular to the plane 
DY by the preceedent, . they are therefore perpendicular to all lines 
meeting them in that plane. (def. I. part I.) Now, ſeeing E C, CP, 
PD, DE, are ithe plane D V, therefore is E D perpendicular to 
F R and 1G; alſo CP perpendicular to H L and SP, conſequently 
it is as the theorem enounces. 9 2 E. D. 


THEOREM IV. 
Original planes, parallel to the picture, have neither vaniſhing, 
interſecting, nor directing lines, neither have the lines, ſituated in 
thoſe planes, any of thoſe correſponding points. | 


SAME FIGUR E. 

Let MX be an original plane parallel to the picture 8 H, 2 2 X 
an original line ſituated in that plane; I fay, the plane MX hath 
neither vaniſhing, interſe&ing, or Aren lines, nor hath the line 
Z X any of them points. 


DEMONSTRATION. 
For the original plane MX, being parallel to the picture, can not 


cut it to determine the interſecting line as is required, (def. XV.) the 
| H 
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vaniſhing plane FG being alſo, in this caſe, parallel to the picture 
8 H, can not determine a vaniſhing line to the original plane M X, 
(def. XII.) for the like reaſon there can be no directing line, the 
direQing plane F G being here parallel to the original plane M X, as. 
well as to the picture S H. 5 

Again, ſeeing the plane G X drawn through the eye at E and the 
original line Z X, cuts the picture in H L, and the directing plane in 
I G, thoſe two lines are parallel, (theorem XIII. part I.) they are 
alſo parallel to Z X, ſince a plane M X may be drawn through that 
line parallel to the plane 8 H; whence I G is the line which ought to 
produce the vaniſhing point of the line Z K, (def. XIX.) but, being 
parallel to the picture, it can not. The original line Z X, being alſo 
parfHilel both to the picture and directing plane, can cut neither of 
them ; therefore the plane MK and the line Z X, are deſtitute of 
either vaniſhing, interſeQing, or directing lines, or points. 2, E. D. 


COROLLARY I. 
If an original plane M X, parallel to the picture, cut any other 
plane whatever, as F M, their common ſection A M will be parallel 
to the vaniſhing, interſecting. and directing lines of the ſaid plane 


FM. 


For the original plane MX, being parallel to the picture and di- 
recting plane F G, the ſections A M, 8 P, F R, made by thoſe three 
planes, with the plane F M, are parallel. (theorem XIII. part I.) 
Now 8 P is the interſecting line, F R the directing line of that 
plane, HL the vaniſhing line thereof, which is alſo parallel 
thereto ; therefore A M is likewiſe parallel to that vaniſhing line, 
(theorem X. part I.) 
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| COROLLARY II. 
| Henee it appears, that the image of an origin line, parallel to 


the Nees is ng to the ſaid original. 


SAME FIGURE. | 
Let Z X be an original line parallel to the picture 8 H, and let 
the plane G X paſs through the point of ſight, and the original line 
Z X. cutting the picture 8 H, in the line H L, draw the lines X E, 
Z E, interſeRting the picture in the points W and V; then is the 
line WV the image of Z X, and they are parallel to each other, by 
what was proved above. 


IS COROLLARY HI. | 
All 1 parallel original lines, which are parallel to the picture, have 


parallel images, for thoſe images are parallel to their correſponding 
originals, by the preceedent corollary. 


COROLLARY IV. 

Hence it follows, that whatever angle is formed by the meeting 
ef two original lines, which are parallel to the picture, an angle 
equal thereto will be formed on the picture by the meeting of their 
correſpondent 4 — | | 


SAME FIGURE. 
dicks dic whims DY, DZ, both paſs through the picture 8 
in the lines CP, VS; raiſe up the plane MX, © that V coincide 
with V, and make the plane G X form one continued plane with the 
plane F E, and let AY, YM, be two original lines parallel to the 
picture, making the angle A Y M, then is the angle PC m, formed 
on the picture by their correſpondent images C P, C m, equal thereto, 
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For thoſe images are reſpectively parallel to their originals, (by 
the preceedent corollary) therefore the angle PC m=A Y M. (the- 
orem XII. part I.) And, univerſally, all lines in an original plane, 

| which is parallel, to the picture, are themſelves parallel to the pic- 
ture, and alſo to their reſpeQive images. 


£ 


THEOREM V. P44) 

The image of an original line, which is not parallel to the picture, 
ws both ways, will paſs through both the Warr and va- 
niſhing points of the ſaid original line. 
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SAME FIGURE. 

Let now the plane D Y form one continued plane with the plane 
D M, paſs the plane D Z through the picture 8 H in the line V8, 
making D coincide with D and M with M, and paſs. the plane G X 
through the picture. Let now MN be an original line in the ori- 
ginal plane FM; 8 the N of and V the vaniſhing point 
thereof. JS 4) 
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; | DEMONSTRATION. 
Becauſe the lines EV, MN, are parallel, (def. XIX.) all lines 
that can be drawn from E to the line M N, will be in the ſame plane 
as the lines EV and MN are in. (7. II.) Now, . ſeeing the 
points 8 and V are in this plane, and alſo in the picture, the line 
Vs is the common ſection of thoſe two planes, but n m, the image of 
N M, is a part of that ſection; therefore n m, produced both ways, 
will paſs through 8 and V, the interſecting and yaniſhing points of the 
original line. . E. D. 
COR 0 L1ARYY.:L | 

'T 6 directing point D can have no image on the picture, by rea- 
ſon the line E D, which ought. to cut the picture in order to form 
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an image, is in the direQing GA FE; it is therefore parallel to 
hw ares rr can not interſect it. . | 


| C O R OLLARY II. 

The images of all the points, that can be conceived between the 
interſecting point 8 and the extreme point M, how far ſoever it be 
produced on from thence, will fall on the picture between the inter- 
ſecting point 8 and the vaniſhing point V; for, wherever the point 
M be fo taken, the angle E MS will be equal to the angle ME V, 
as being the alternate angles of two parallel lines; wherefore the 
points m and V can never coincide, nor can the point N be fo taken, 
but that its image will always be between S and V, the angle ENS 
being, for the like reaſon, always equal to the angle NE V. Now, 
when N comes into 9, its image n then alſo comes into the inter- 
ſecting point 8; in ke manner, if M be ſuppoſed at an infinite 
diſtance, ſo that the angle ME V entirely vaniſh, and the line EM 
coincide with E V, then will its image m vaniſh into the point V. 
Hence appears the propriety of calling this a vaniſhing point, as 
alſo why the line HL, paſſing through that point, is termed a va- 
niſhing line, and the plane G X, paſſing through that line, a va- 
ONE plane, & . | 

COROLLARY I. 

If the original line itſelf paſſes through its own vaniſhing point, 
its image is then contracted into that point, and the line, in this 
caſe, may be, ſaid to vaniſh. Thus, ſappoſe V the vaniſhing point 
of NM, and let NM be conceived as moving parallel to itſelf along 
the lines N K, MZ, till, being in the poſition or line Z K, its pro- 
duced part N'S or K V paſſes through the point V, then is that point 
only the image of the line NM wher in that pofftion, the i pre ng 

m, both now coinciding in v. 


I 


30 OF THE DOCTRINE OF: PLANES 


"mis it dillon. that if + an N oY be N ant * 


through the point of ſight, the vaniſhing and interſecting points 


thereof will coincide, and its directing point will be the point of 
ſight ; whence any point in the picture may be the image of any 
point in the original line paſſing through the eye and that point of 
the picture, or may be taken as the vaniſhing point of that line, or 
as the image of its interſection with all planes or lines whatſoever, 
which it cuts; wherefore, a point being given on the picture, its 
original can not be thence determined, unleſs the poſition of that 
original, with * to ſome other known point, line or ha be 
alſo given: I Ila (03 Lalla 
THEOREM VI. 

Original lines, which are parallel to each other, but not to the 
picture, have the ſame vaniſhing PINK. and their images = 
all meet in that ſame point. IT 


SAME FIGURE. = 
Raiſe up the plane D V, and paſs the picture SH ns the 
ſame ; bring R to coincide with R, and make the plane G X paſs 
through the picture. Let now O Q be parallel to A B, then is C 
their vaniſhing point, and their Amageq ab, 0q, | Goin will 
| paſs through the ſame. | 


DEMONSTRATION. | | 
Becauſe E C is parallel to A B, it will alſo be er Wh to 0 Q 
(theorem XI.) wherefore C is their common vaniſhing point. And, 
by the preceedent, o q, the image of O Q, will, when produced, 
paſs through the vaniſhing point, and a b, the image of AB, when 
produced, alſo paſſes through the ſame ; therefore the images a b, 
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o q, of the two original parallel tines * AB,'O MP: when produced, 
meet in "that ſame nig _ 5 'V E. ny” a 
COROLLARY I. 

The ſame vaniſhing point can not belong to any two original lines 
which are not parallel to each other, for the ſame line, drawn from 
the point of ſight to meet the picture, can not be parallel to more 
than one of them. 

COROLLARY II. | 
The center of the picture is the vaniſhing point of all lines which 
are perpendicular to the picture, becauſe the axis of the eye is pa- 
rallel to all ſuch lines. (def. V. part I. and theorem VII. part II.) 


THE OR E M VII. 

Original lines, whoſe directing points fall in the ſame director, 
have parallel images, and the angle made at the point of ſight, by 
the directors of any two original lines, is equal to that formed on 
the picture by their i images. 


SAME FIGU R,E. 

Bring D to coincide with D, raife up the "plane D V, and make 
the picture paſs through both the planes D V and EM; now let 
NM and OQ be two original lines, having their directing points D 
and T each in the ſame director ED; then are the images n m, 0q, 
of thoſe two lines, parallel to each other. 


DEMONSTRATION, 
For the lines CP, VS, are each parallel to the director E D, 
whence the images n m, o q, being in thoſe lines, are alſo each pa- 
rallel to the ſame director E D ; they are therefore parallel to each 
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other and when there are different directors, as all direQors meet 
in. on point of fight, they will alſo be parallel to the i images. f 
| © 


THEOREM VII. 
I two ariginal lines meet each other, 0 
each other in that point of the picture. which is the image of that 
point in which the originals meet. one another. 


PLATE. IV. Fig. 5. 
Form the figure according ta the directions annexed to definition 


XVI. 


DEMONSTRATION. 

Let B G, AG, be two original lines meeting in G, then are b g 
and ag the images thereof. Now, ſeeing G is a point common to 
both the lines A G, BG, the image g of that point will alſo be 
common to both the images a g, bg; thoſe images therefore meet 
in the point, which is the image of that point in which the ori- 
ginals met each other. AED. 


COROLLARY, 

The images of all parallel lines whatever are either parallel, or 
meet in ſame one point; for, when the originals are parallel to the 
picture, their images are alſo parallel, and when not parallel to the 
picture, their images meet in one common vanifhing point, as was 
ſhewn aboye. | | | 


TH E O R E M IX. = 
All lines in an original plane have their vaniſhing, interſecting and 
directing points, in the vaniſhing, interſecting and directing lines of 


that plane. 


0 
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c P LATE III. Fig. 4. 
Let the picture now paſs through the plane DV only, and the 


plane G X paſs through the picture, and let the plane FM be the 
original plane, and A B, MN, two given lines in that plane. 


DEMONSTRATION. 
The lines SP, F R, in which the picture and directing plane are 
cut by the original plane F M, are the only lines which can be cut 
by lines drawn in the original plane, as MN, A B, &c. wherefore 
P and 8 are the interſecting points of thoſe lines, and D the direct- 
ing point thereof; for theſe lines meeting, in this caſe, the directing 
line in the ſame point D, have their directing point common. Now 
EC, EV, being drawn parallel to A B and MN, determine their 
vaniſhing points C and V, but theſe lines are alſo parallel to the ori- 
ginal plane; wherefore the plane G X, drawn through thoſe lines, 
will alſo be parallel to the plane containing the lines AB, MN ; and 
as no other plane can be drawn through E parallel thereto, it will 
be the vaniſhing plane of the original plane, and the line H L the 
vaniſhing line thereof; but C and V, the vaniſhing points of AB 
and MN are in 1 that line; therefore the propoſition is manifeſt. 
E. D. 
Rr 

The image of any point, line or figure, ſituated in that part of an 
original plane, which is beyond the interſecting line, muſt fall on 
the picture between the interſecting and the vaniſhing line, as is evi- 
dent by what was premiſed above in cor. II. to theorem V. 


SC HO LIUM. 
From the above it appears, that when the ground is conſidered as 
the original plane, the vaniſhing line thereof will be the ultimate 
K 
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extent to which the image of any part of the ground, eſteemed as 
level, can extend; this line therefore, in that caſe, determines the 
apparent boundary of the horizon, whence, being taken in this 
ſenſe, it is called the horizontal line; on the ſame ſuppoſition,” the 
interſecting line is called the ground line, as being then the inter- 
ſection of the picture with the ground. But if we ſtop here, at this 
imperfect and confined way of conſidering and applying planes, as 
adapted by authors of this kind of perſpective, the art will be in- 
ſufficient in many caſes, and in general intricate and complex; which 
a due application of the improvements, furniſhed by the principles 
here treated of, will render perfect, and make the art of b 
perſpective 3 ſimple, eaſy and univerſal. 


COROLLARY Wc : 

Any two original lines, in the ſame plane, which are not parallel 
to the picture, having their images parallel to each other, have a 
common directing point; for only one director can be drawn parallel 
to both their images, and that director can cut the directing line of 
the original plane only in one point; that point is therefore the com- 
mon directing point of the two original lines. And when any two 
lines in an original plane, cut the directing line of that plane in the 
ſame point, their images on the picture will be parallel. 


C O. ROLL AR V. III. 

Lines, drawn through any two vaniſhing points, any two inter- 
ſecting points, and any two directing points, of lines in an original 
plane, are the vaniſhing, interſecting and directing lines of that 
plane; for any two * in a * n given, the whole line is 
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that plane is in any other poſition. 
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COROLLARY IV. 15797 
All original lines, parallel to an original plane, have their vaniſh- 
ing points in the vaniſhing line of that plane; for lines may be drawn 
in the original plane parallel to the propoſed lines, and all parallel 
lines, having the ſame vaniſhing points, (theorem VI. part II.) the 
vaniſhing points of the propoſed lines are therefore in the vaniſhing 
line of that original plane to which they are — (theorem IX. 
part II.) £7, 
| THEOREM X. 
The vanithing line of a plane, perpendicular to the picture, 
paſſes through the center of the picture, which it can not do when 


- 


DEMONSTRATION. 
For the vaniſhing plane will then paſs through the axis of the eye, 
which'is perpendicular to the picture, (def. V. part II.) and all planes, 
which paſs through the axis of the eye, are perpendicular to the 


picture, wherefore thoſe planes can not be parallel to planes which 


are not at right angles to the picture; therefore the vaniſhing 
planes thereof do not paſs through the axis of the eye, conſe- 
quently the 1 lines of n Planes 1 not paſs through the 
center of the picture. E. D. 


THEOREM XI. 
All parallel original planes have the fame vaniſhing line, center 
and axis of the eye, and ar OY L and nen lines are 
en | 1231; Telly 


.qz 


P L ATE VI. Wa = 
Make 8, in the plane SL, coincide with S in the plane AK; 
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make A coincide with A, and the plane G P paſs through the plane 
SL, in the line RT; raiſe up the plane K L, fo that the plane GP 
may paſs through the line U O, and the two lines KP coincide with 
each other; turn the plane K L about, till K coincides with K, then 
bring D, in the plane D V, to coincide with D in the plane A K, 
and make the plane Y G paſs through the plane 8 L in the line WX, 

and paſs the plane F M through the plane K M in the line M V, and 
paſs the plane V L through the plane 8 L in the line HL. 

Now, let the plane 8 L repreſent the picture, K M the directing 
plane, E the point of fight, A K one original plane, and V G ano- 
ther parallel thereto, then are the interſecting and directing lines 
SI, K P, parallel to each other, and both thoſe planes have the 
ſame vaniſhing line F N, the ſame center c, and axis of the eye 
Ec. | N 
T DEMONSTRATION. 

For the plane F M, paſſing through E, the point of fight, parallel 
to either of the given planes, will alſo be parallel to the other ; it is 
therefore the vaniſhing plane of both the ſaid given planes. (def. VIII. 
part II.) Now the ſame vaniſhing plane can produce but one vaniſhing 
line FN, and Ec is the axis of the eye belonging thereto, and e 
the center thereof, and the interſecting and directing lines 8 I, K P, 
being parallel to the ſame vaniſhing line FN; they are therefore pa- 
rallel to each other. (theorem XI. part I.) 2, E. D. 
COROLLARY I. 

Planes, which are not parallel one to another, can not have the 
ſame vaniſhing line; for the ſame vaniſhing plane can, in ſuch caſes, 
be parallel only to one of them. ' 


APPLIED TO PERSPECTIVE 37 


COROLLARY II. 

All parallel original planes have the fame vertical line, vertical 
plane, and parallel of the eye; for there can be but one line drawn 
through the center of the picture, perpendicular to the ſame vaniſh- 
ing line, nor but one line through the point of ſight, . parallel to the 
faid vaniſhing line; neither can two different vertical planes paſs 
through the ſame point of fight and ſame vertical line. 


THEORE M XI. | 

Ik two original planes cut each other in a line parallel to the pice 
ture, their vaniſhing lines will be parallel to each other, as alſo their 
interſecting and directing lines, if neither of theſe laſt coincide, | 


SAME FIGURE. 
Let the planes G P, Y G, be two original planes interſecting each 


other in the line B G, parallel to the picture 8 L. and let the planes 


MP, VH, paſs through the point of fight E, parallel to the faid 
original planes, and then will the vaniſhing lines HL, FN, be pa- 
rallel to each other, as alſo the direQing lines K P, Q, and inter- 
ſecting lines WX, 8 I. 


DEMONSTRATION. 

Let the plane AB G paſs through the line BG parallel to the piäure 
and directing plane K M, then will the ſections B G, X W., YQ, 
made by the plane VG, with the three planes AB G, SL, KM, be 
parallel to each other, (theorem XIV. part I.) and for the ſame rea- 
ſon the ſections B G, RT, K P, made by the plane GP, interſect- 
ing the ſame thtee planes, will alſo be parallel one to another, con- 
ſequently X W, RT, the interſecting lines of the two given original 


planes, will alſo be parallel, and their direQting lines Q. KP, will 1 


4 
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alto be parallel. (theorem I. part II.) Now the vaniſhing lines HL, 
F N, of thoſe planet are parallel to their interſecting lines, by the 
aforeſaid theorem, and the original planes, not being themſelves pa- 
rallel, they can not have the ſame vaniſhing line; (cor. I. to theo- 
rem VI. part II.) therefore the vaniſhing lines HL, FN, are 
W and RO to * other. | ns 4-045: ""_ E. * 


£20617 sat © O R OLLAR Y 1. 8 vs 01 

All planes, whoſe vaniſhing lines are parallel, have the am ver- 
tical plane, vertical line, and parallel of the eye; for Cn, which 
is at right angles to FN, is alſo perpendicular to HL, and * Ez 
being parallel to FN, is alſo 9 ih but ' drufo9l 


COROLLARY II. 

If the interſection B G of the given planes were in the picture, it 
would then be their common interſecting line, and if it were in the 
direQing plane, it would be their common directing line; but, in 
her caſe, — N ligies Would be — one to — ot 


THEOREM XIII. 
If the vaniſhing lines of two original planes be parallel, their com- 
mon  Interſetion will be parallel to has pag | 


Let the two erigina pane be the fame a as in a th procecdent, Pol? 


| - Then thy e cor. I. to thie hy * the 83 planes, having 
the ſame vertical plane perpendicular to them both, it is alſo per- 
pendicular to their common ſection D G; but the vettien bau . is 
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perpendicular to the vaniſhing lines of the original planes; (theo- 
rem II. part II.) therefore B G, the common interſection of thoſe 
planes, is parallel to ces lines H L and F N, and conſe» 
, — to the nn 7 erm) of ell 1:1 V E. D. 


6 0 O R 0 L LAR * I 

If an otiginsl line B G be parallel to the Raban it will be ith 
to the vaniſhing, interſecting and directing lines of all original _— 
which can paſs through the ſaid original line. | 
For all planes whatſoever, which paſs through the line B G, cut 
the plane A G in that ſame line; conſequently the vaniſhing, inter- 
ſecting and directing lines of all ſuch planes are parallel to 0. 
(16. 11.) 


COROLLARY II. 

The original of the image of any line in an original plane, pa- 
rallel to the vaniſhing line of that plane, is parallel to the picture. 
For a line in an original plane, parallel to the picture, being pa- 
rallel to the vaniſhing line of that plane, by the corollary above, its 
image muſt be parallel to the ſame line; (cor II. theorem IV. part II. 
and theorem XI. part I.) therefore a line, as B G, parallel to the 
picture, may be ſound in the original plane, which will produce the 
given image ; but no two different lines in the ſame plane can pro- 
duce the ſame image; therefore, if the given image be the image of 
a line in the original plane, it muſt be the image of B G, a line in 
that Plans. paxelJel.to. the Pen, 90 Ee ERIC OWNS Diff $3.1 

THEORE M XIV. 

. If an original plape, being produced, paſs. 1 the point of 
acht, its vaniſhing. and interſecting lines. will. coincide, and its di- 
recking lins will be the ſame with the parallel of the eye. 
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ILLUSTRATION, Plate IV. Pig. 5. 
let B AE R be the original plane, which, OED: 4 OY 
lineP L, paſſes through the eye at E, e the * 
NY ia the line P L. | | 


DEMONSTRATION. 
Now, ſeeing that LB is the only plane which can paſs through 
LP parallel to the original plane B A ZR, it follows that che ori- 
ginal and vaniſhing plane coincide, and form one continued plane; 
therefore LP is both the dĩrecting line and the parallel of the eye, 
belonging to the ſaid original plane, and xy, the interſeQion of the 


picture O P, with the original plane produced, is both its ere 
ſting and vaniſhing line, 2 E. D. 


COROLLARY I. 

The i image of an original plane, paſſing through the point of fight, 
is a line only, and in that line the images of all points, lines and 
figures, fituated in the original plane, muſt be formed; where- 
fore the original plane, in this caſe, hath no depth. - For a line, 
drawn from E, the point of fight, to any point in the plane BAZR, 
will cut the picture OP in ſome one of the points in the line xys 
nn ß. 


C OR OL L ARY II. 
All original lines, ſituated in the Plane BAZR, have the ſame 
line P L for their director. For no line in the original plane can cut 


the directing plane N V, but only in the line P L. 


COROLLARY. HI... | | 
Ang line, drawn in the picture, may be the image of an original 
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line in a plane paſſing through the eye, and the line given in the 
picture; or it may be taken as the vaniſhing line of that plane, or as 
the image of its interſection with all other planes whatſoever which 
it interſects, as is evident from the above. (cor. I.) 


COROLLAR . 

The original of a line given in the picture can not be determined, 
unleſs two points in that line be known, one of which at leaſt muſt 
be an original point, but the other may be the vaniſhing point of the 
ſaid original line required. 

For if the vaniſhing point alone be given, the direction only of the 
original line is thence determinable, as being parallel to the line 
producing that vaniſhing point, but the original line itſelf may be 
any line parallel to that ſaid line, and being in a plane paſſing through 
the eye and the line given in the picture ; but when the direction of 
the original line and an original point in that line are known, the 
original line itſelf is then determined, by reaſon there can not be two 
different lines drawn through a given point parallel to the ſame line. 


THEOREM XV. 
The original of any figure in the picture, may be any object which 
is bounded by the ſame pyramid of __ indefinitely produced. 


S A M E FIGURE. | 
Let OP be the picture, E the point, of fight, AGBF the ori- 
ginal figure, NL the directing plane, andagbf the i image of the 
original on the picture OP. 


? DEMONSTRATION. 
Nowy ge may be the image of any original line in the plane GEC, 
M 
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terminated by the lines EG, EC, indefinitely produced, and be 


may be the image of any original line in the plane C E B, bounded 
by the lines EC, EB; in like manner produced (cor. III.) to the 
preceedent, it is the ſame with the other ſides of the given figure; 
therefore a g bf may be the image of any figure whatſoever, bounded 
by the ſame pyramid of rays EFBGA, * produced. 

py 51 „ e.. 

COROLLARY. 

If the image of any plane figure be given in the picture, its ori- 
ginal can not be determined, unleſs three points in that figure be 
known, one of which at leaſt muſt be an original * but the 
other two may be vaniſhing points. 

For the two given vaniſhing points will determine the vaniſhing 
line of the plane containing the original figure; (cor. III. to the- 


orem IX. part II.) conſequently the direction of that plane is known, 


ſeeing it muſt be parallel to the vaniſhing plane which produces that 
vaniſhing line; (def. VIII. part II.) but, notwithſtanding this, the 
original plane is yet undetermined, for it may be any plane parallel 
to that vaniſhing plane; (theorem XI. part II.) whence ſome one 
point in the original plane is neceſſary to be known, in order to aſ- 
certain that plane; which point being given, the original plane will 
be thereby determined, for two different planes can not paſs through 
the ſame point parallel to the ſame vaniſhing plane. Now the ori- 
ginal plane, containing the original figure, being thus found, the 


hy of the en ay 4 on the — is truly aſcertained. 


THEOREM XVI. 
Any line in the picture, parallel to the vaniſhing line of an . 
plane, if it be the image of an original line, muſt be either the image 
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of a line parallel to the picture, or of one whoſe directing point is 
ſome where in the parallel of the eye belonging to that plane. 


| DEMONSTRATION. 
For, if the original line be parallel to its image, it muſt alſo be 
parallel to the picture; but, if it be not parallel to its image, that 
image mult then be parallel to the director of the original line; that 
director, being therefore parallel to the propoſed vaniſhing line, 
(theorem XI. part I.) it muſt be the parallel of the eye belonging 
to that vaniſhing line, (theorem I. part II.) ſeeing there can not 
be drawn two different lines through the point of ſight parallel to 

the ſame vaniſhing line. 2, E. D. 


C ORO LL ART I. 

Any line in the picture, parallel to the vertical line of an original 
plane, if it be the image of an original line, muſt be either the 
image of a line parallel to the picture, or of one, whoſe directing 
point is in the director of that plane. For, if the original line be 
not parallel to the picture, its image muſt be parallel to its director; 
which director, being therefore parallel to the propoſed vertical line, 
it muſt be the director mne to the original plane. 


COROLLARY 100 111 

Any two parallel lines in the picture, if they be the i images of any 
two original lines, they muſt be eitheꝝ the images of lines parallel 
to each other and to the picture, or of ſuch original lines as have 
the ſame director. For, if the original lines be parallel to their 
images, they muſt have the ſame director, hy reaſon there can be but 
one director drawn parallel to the given imageg. 1 21; 
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| THEOREM XVII. | 
1K two original planes cut each other in a line not parallel to the 
picture, their vaniſhing, interſecting and directing lines will alſo cut 
cach other; and the interſection of the vaniſhing lines will be the 
vaniſhing point, the interſection of the interſecting lines will be the 
interſecting point, and the interſection of the directing lines will be 
the directing point of the common interſection of thoſe planes. 


ILLUSTRATION. Plate VII. Fig. 8. 

Bring Q, in the plane K C, to coincide with Qin the plane. 
BM, bring D, in the plane N D, to coincide with D in the plane 
B M, and make T, in the plane DV, to coincide with F in the 
plane BM, and make the plane L R paſs through both the planes 
DV, KC, in the lines VT, CQ; bring D, in the plane D W, to 
coincide with D in the plane B M, and paſs the plane W H W 
the plane L R, in the line HL. | 

Now, let the planes K C, B M, be two original planes, cutting 
each other in the line K Q, which is not parallel to the picture LR, 
let O be now the point of fight, Z B the directing plane, W the 
vaniſhing plane of BM, and DV that of the plane KC; then are the 
lines HL, VT, the vaniſhing, TR, COQ the interfecting, and 
PB, PN, the directing lines of the ſaid original planes; I ſay, 
thoſe ſeveral lines will cut each other, and: the reſt be as the theorem 
declares. 

DEMONSTRATION. 

Becauſe the line K Q is not parallel to the picture, it muſt ON a 
vaniſhing, interſecting and directing point. Now K Q, being a 
line common to both the original planes, its vaniſhing point V muſt 
be in both their vaniſhing lines; (theorem IX. part II.) whence 
H L, the vaniſhing line of the original plane B M, muſt croſs 8 T, 
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the vaniſhing line of the other original plane K C, in the point V, 
ſeeing thoſe lines can not coincide, by reaſon the propoſed: planes are 
not parallel to each other ; (cor. I. theorem XI. On II.) therefore 
Vis their common vaniſhing point. 
For the ſame reaſons the interſeQing lines T R, © Q: and the di- 
recting lines PB, PN, or PZ, muſt cut each other, as here at Q_ 
and P, thoſe lines being parallel to their reſpective vaniſhing lines; 
therefore Q is the interſecting, and P the TY point of the ſaid 
original planes. 2, E. D. 
ul 0% U 4 COROLLARY IJ. 
Hangs it, follows, that, if two original planes be both perpendi- 
cular, to the picture, their vaniſhing lines will make, with each 
other, an angle equal to the angle of inclination, which the ori- 
ginal planes have one to the other; and their common interſection 
will be in the center of the picture, which is alſo the common cen- 
ter of thoſe ſaid WOE lines. 1 


Frag Se A M E F I GURE. 

Raiſe: up the plane DV, and make the plane L R paſs through 
the ſame in the line V T, bring D, in the plane D W, to coincide 
with D in the plane B M, and paſs the plane W H through the 
plane L R, in the line HL; make the line B W, in the plane DV, 
paſs through and coincide with the line B W in the plane D W, and 
revolve the plane E X about the line EI, ſo as to pals through the 
plane L R, in the line & C. 

Now, let the planes B M, D Vis 1 the two 3 ng per- 
pendicular to the picture L R, then will the interſecting lines T R, 
VT, of thoſe planes with the picture, determine their angle of in- 
clination, which is, in this caſe, a right angle, they being here per- 
pendicular to each other, as well as to the picture; and, as the in- 
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terſecting lines determine that angle, the vaniſhing lines HL, XC, 
or X Q. muſt alſo do the ſame, (10. 11.) and the line G T., which 
is the common ſection of the original planes, being alſo perpendi- 
cular to the picture, (19. 11.) its vaniſhing point is in C, which 
is the center of the picture; (def. V. part II.) therefore C is alſo the 
common center of the vaniſhing lines of the propoſed planes. 


COROLLARY H. | | 

Hence it alſo follows, that when two original planes DV, BM, 
are perpendicular to each other, as well as to the picture, their va- 
niſhing lines will be at right angles to each other, and the vaniſhing 
line of either plane will be the vertical line of the other plane; for the 
vaniſhing lines HL, XQ, are perpendicular to each other, becauſe 
they make with each other the ſame angle with that of the propoſed 
planes, by the preceedent corollary; and the vertical line of every 
plane, paſſing through the center of the picture, is perpendicular to 
the vaniſhing line of that plane; (theorem II. part II.) wherefore- 
the vaniſhing lines HL, XQ, paſſing through C, muſt be reci- 
2 the vertical line one of the * 


. * 9 . , | 


COROLLARY'NHM 
f two original planes DV, BM, be perpendiculer to ada other, 
and only one of them, ſuppoſe B M, perpendicular to the picture, 
their vaniſhing lines will ſtill be at right angles to each other, and 
the vaniſhing line H L, of that plane B M, which is perpendicular to 
the picture, will be the vertical line of the other plane D V, which is 
not perpendicular to the picture, but the vaniſhing line of the laſt- 
mentioned plane D V will not be the vertical line of the firſt- men- 
tioned plane B M, but only parallel thereto; for the plane B M. 
deing perpendicular to the picture, all lines, perpendicular to that 
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plane, are parallel to its vertical line X Q. and alſo to the picture 

and ſeeing the planes BM, DV, are perpendicular to each other, a 
Aline may be drawn, in the plane B M, perpendicular to the plane 
DV, (38. 11.) and conſequently parallel to H L, and alſo to the 

picture LR; that line being therefore parallel to the vaniſhing lines 
of all planes which paſs through it, (cor. I. theorem XIII. part II.) 
it muſt be alſo parallel to HL, the vaniſhing line of the plane BM; 

(theorem XI. part I.) that vaniſhing line is therefore parallel to the 

vertical line of the plane D V, and conſequently perpendicular to 
the vaniſhing line thereof. Now the line HL, pafling through C, 
the center of the picture, at right angles to the vaniſhing line of the 
plane D V, is the vertical line of that plane; but, as the plane D V 
is, by hypotheſis, not perpendicular to the picture, its vaniſhing 
line can not paſs through C, and conſequently H L can not, in 
this caſe, be the vertical line of the plane D V, but parallel thereto 
* 

| THEOREM XVIII. 

If an original line be given in a plane, parallel to the Rare, it 
will be in the ſame proportion to its image on the picture, as the 
diſtance between the eye and original mm" is to the diſtance between 
the eye and the picture. 


P LATE IV. . 85 
Let OP be the picture, 0 its center, E the point. « of bebe, A B 
a line given in the plane 8 T. parallel, to the picture, E c the axis of 
the eye produced till it meets the original plane in C ; then, as the 
original line A B is to its image a b, ſo is E C, the diſtance of the 
eye from the original plane, to E c, the diſtance of the * from the 
picture. | „( | 
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DEMONSTRATION. 

Becauſe AB is in a plane parallel to the picture, it is itſelf pa- 
rallel to the picture, and alſo to its image a b; (cor. II. theorem IV. 
part II.) wherefore the triangles E AB, E a b, are ſimilar; and, 
for the ſame reaſon, the triangles E CB, Ec b, are alſo — 
whence, in the ſimilar triangles E AB, E a b, we have 

AB: ab:: EB: Eb, 
and, in the ſimilar triangles ECB, E e b, it is 
EB: Eb: : EC: Ec, conſequently . 
AB: ab:: EC: Ec. | 2. E. D. 


en | 

If the original line AB be any wiſe divided into Grail parts, the 
images of thoſe parts will have the ſame ratio one to the other, as 
the original parts bear one to another : becauſe each original part is 
to its image as the diſtance between the point of ſight, and original 
plane, is to the diſtance of the eye from the picture, which two di- 
ſtances remain invariable ; and, for the ſame reaſons, the images of 
the ſides of any figure A B GF, in a plane parallel to the picture, 
have the ſame proportion to each other, as the correſponding ſides of 
the original figure have one to the other. 


0 en 
The image of any figure, in a plane parallel to the picture, is 
ſimilar to its original; becauſe the angles, made by the ſides of the 
image, are equal, and its ſides proportional to the correſponding an- 
gles and ſides of the original figure, by cor. IV. theorem IV. part II. 
and the preceedent, 


| 
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-COROLLAR T. III. 
The image of a given line, in a plane parallel to the picture, will 
be of the ſame length, in whatever point of the directing plane the 
eye 'be fixed; becauſe the diſtance between the eye, the picture, 
and the original plane, undergoes no alteration, let the point of ſight 


be taken in the directing plane where it will; therefore the propor- 
tion of the i image t to its original remains the ſame.” 


0 0 R O L L A KY IV. 

If the picture and original plane are both on the ſame fide of the 
eye, the greater the diſtance is between the eye and original plane, 
the nearer does the image of any given line in | that Fo — 
to — with its — 


| ILLU STRATION. Plate V. Fig. 6. 

Raiſe up the planes PZ, D K, and make the planes MN, SQ, 
paſs through the plane DK ; bring R to coincide with R, and make 
the plane K A paſs through the planes MN, SQ, PZ. 

Now let AD be a given line in the original plane PZ, and 8 
the picture, ad its image when ſeen by the eye at E; ſuppoſe now | 
the eye to be removed farther from the original plane, as at K, then, 
drawing the lines DK, AK, the line F G will be the image of AD, 
when viewed by the eye placed in K ; whence, ſeeing the original 
line AD is to its image ſeen at E, as EL is to E C, by the precee- 
dent theorem, the ſame line AD will be to its image F G, ſeen at 
K, as KL is to K C; but K E, being greater with reſpe& to E C, 
than it is with reſpect to EL, (8. 5.) KE+EC=KC, will be 
greater in reſpect of KE+EL=KL, than E C is to EL; and 
conſequently F G, the image of A D, when ſeen from K, will be 
greater in proportion to AD, then it will be when ſeen from E. 


O 


I 
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Now, ſeeing hai image of AD is always leſs than its original when 

thus ſttuuted with” reſpect | to the eye and the picture, and, as the 

image becomes greater in proportion as the diſtance of the eye is in- 

creaſed; it muſt therefore approach nearer to an equality with the 

original line firſt given, in n proportion to the remoteneſs of the point 

of "ſight. | B. D. 
SC HOLI v M. 

It having been ſhewn, in cor. I. to theorem V. part II. that the 
directing point of an original line can have no image on the picture, 
it follows, that all points whatever of an original line, which can 
be repreſented on the picture, muſt be at ſome diſtance from the ori- 
ginal plane. Now the line on the picture, bounded by the image of 
any point in an original line, and the vaniſhing point of the ſaid 
line, is called the 1NDEFINITE IMAGE of that ſaid original line. 
And the image of any determinate part thereof, bounded by any 
two points given therein, is the PERSPECTIVE IMAGE of that de- 
terminate line ſo bounded. And the remainder of the indefinite 
image is called the COMPLEMENT OF THE IMAGE. And that part 
of the original line, contained between its directing point and that 
point of the original line which is neareſt the directing point, is 
called the COMPLEMENT OF THE ORIGINAL LINE. 


PLATE VII. Fig. 9. 

Raiſe up the plane G E, and make the picture 8 H paſs ** 
the ſame, make D coincide with D, and the plane M H paſs through 
the picture 8 H, in the line HL. 

Now, let A G be an original line, C its vaniſhing point, A the 
neareſt point thereof to its directing point D; then is a C the inde- 
finite image of A G. If G had been the neareſt point of the line re- 


* 
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preſented on the picture, 8 c would then have been the indeSnite 7 
image of that line. If both the points A and G be repreſented on 
the picture, as here in the points a and g, the line a g is the perſpec- 
tive image of that determinate original line A G. Now ag being 
the perſpective image, g C is the complement of that image, and 
AD is the complement of the original line A G. 


THEOREM XIX. 

If an original line be divided into any two parts, the rectangle 
contained between the extremes of the indefinite image thereof, will 
be to the rectangle contained between the mean part thereof and the 
whole indefinite image, as that part of the original line, which is 
neareſt to the directing point, is to the other more diſtant part 
thereof. 

SAME FIGURE. 

Let AG be the original line, any how divided in the point K, 
into the two parts AK, K G, and the indefinite image thereof, a C, 
into the three parts ak, kg, g C; I fay, the rectangle under the ex- 
tremes g C, and ak, is to the rectangle under the mean part k g 
and the whole indefinite image a C, as AK, the nearer part of the 
original line A G, is to K G, the other part thereof. 


DEMONSTRATION. 


Through a, the image of the point A, draw the line T v ** 
to the original line A G, cutting E G and E K in the points T and 
X, then are the triangles E C k, k a X, ſimilar one to the other; 
wherefore a X: EC:: ak: kg ＋ g C, 
and the triangles E Cg. ga T, are alſo ſimilar ; whence we hare 
'EC:aX+XT::gC:ak+kg, 


1 4) _— 7 x Aa MTA T Teri } 
, - ; 0 * 1 1 * 'J "i | 4 ＋ 0 | ; 4 1 4 * 
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and, by yy * two nnen omg 


Will be 51D ei es 04 Wil 
a K* EC: EOxaX+BCAXT:takngCikgrakky 
xkg +gCxak+gCcxtkg. 


But, by (1. 2.) aCxkg= Dad 224k ere 73 

whenceaXxEC: ara ants be pau „ ad 
> þHaCxig. of 

Now, ſubtracting the antecedents from the conſequents, it is 
aXxEC:ECxXT::akzgC:aCxkg; (0 

that is, aX:XT::akxgC:aCxkg, 

but, ſeeing that AG and TV are parallel to each other by conſtruc- 

tion, it will beaX:XT::AK:KG; 

therefore ak xgC:aCxkg:: AK: KG, 2, E. D. 


SCHO L I U M. 

Although the line A G is here ſuppoſed wholly beyond the pic- 

ture, the propoſition is nevertheleſs true univerſally, wherever the 
point A be taken in the line A G, ſo long as the line C F is parallel 
to ED; for any line whatever, that is parallel to C F or E D, cutting 
the lines EC, EA, EK, and E G produced if neceſſary, will be 
thereby divided into parts, bearing the ſame ratio to each other, 
which the correſpondent parts a k, k g, 8 C, of the line C F, have 
one to another. eros 
5 COROLLARY I. 

The image a k of A K, the nearer part of the original =o A G, is 
to k g the image of the farthermoſt part K G, as the rectangle under 
AK the nearer part, and the whole line G D, or line G A, pro- 
duced to its directing point D, is to the rectangle under K G and 
D A, the extremes of the whole line G D. 
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For, through 8 draw g Q parallel to A G, cutting the lines E A, 
E K, in the points Rand P; then, if ag be conſidered as an ori- 
ginal line, C as its directing point, E C as its director, and Qg as its 
indefinite image, it follows, from the preceedent theorem, that 
RPK Qg: Pg QR:: ak: kg. 
and becauſe Q g and A G are parallel, 

g: Q R:: DG: DA. 

alſo RP: Pg :: AK: KG; 
therefore R Px Ag: Pgx QR :: DG AK: DARK G 
conſequently ak: kx g:: DG XR AK: D Ax K G. 


COROLLARY II. 

If the parts AK, K G, of the original line, be equal to anch 
other, then a k, the image of the nearer part,' will be to k g the 
image of the remoter part, as the indefinite image a C is to its com- 
plement g C. 

For, by the preceedent LG akxgC:kgxaC::AK:KG. 

Now, fince by hypotheſis, AK = K G, 

it will be ak xg C=kgxaC; 
whence. ariſes this analogy, ak:kg::aC:gC; wherefore the 
line AC, in this caſe, is divided into harmonical proportion, by the 
points k and g. PEE, 
COROLLARY III. 


The hypotheſis being the ſame as in the preceedent corollary, it 
will be 


ak: PEE : DG: DA. 
F or, in the ſimilar triangles EVT, E Cg, we have 4101 
q E VSC: g C: VT. EC. = Va: 
but, + lk laſt corollary, a K: kg:: a C. g C. W hob 
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Now; ſeeibg v M andtÞ G are parallel by/bypotheſis,” } © 
VT: Va: e at £ 
L IV eee e DA. bellt 2% DUTIES 


* = % 
Fs IDL {61 90 3; 3 


. 
I 


COROLLARY IV. 5 
e a k, k g be equal, then A K, the nearer pert ot che 
original line is to K G, the farther part thereof, as D A, the com- 
plement of the original line, is to D G, the whole line G A, when. 
produced to its directing point 7). 
For, by the above corollary I. ak: kg: AK DG: KGxDA. 
Now, if a k kg, then is AK, DG K GR DA; 
whence ariſes this analogy, AK: K G:: DA: DG. 


COROLLARY V. 
The hypotheſis being the ſame as in the preceedent at it 
Wu de 8 AK: KG:: g C: a C; 
for b e EVT, E Cg. being fimilar, it is 
* EC Va: VT::gC: aC; 
but Va: VT :: DA: DG. 
And, by the preceedent corollary, - . 
DA: DG:: AK: KG; 
conſequently AK;KG::gC:;aC. 


F * F | N x ＋ & 7? A fe. re * (I CT o 17 2 a = 


C O N E 1. v 8 a; 0. N. 
| e 
H AVING thus ſhewn the ue hs of the planes, 'vaniſhing 
lines, points, &c. neceſſary for conveying to learners a general idea 
of the nature of. perſpeQive repreſentations,” when formed ſtereogra- 
phically on the plane of the picture; we now proceed to conſider 
them in another view, ſuch as is required in the practice of drawing 
the perſpective repreſentations of any given original objects, or for 
determining the original objects from having their reſpective repre- 
fentations on the picture given; and in this we are to conſider them 
each as being bounded by its own proper dimenſions, and ſo placed 
with relation to each other, as to coincide together, and form one 
continued plane. 
PLATE IX. Fig. 10. 

Let there now be given the center of the picture, the height of 
the eye, the diſtance of the eye from the picture, and the poſition 
of the original plane with reſpe& to the picture. Thus, ſuppoſe PM 
to repreſent the original plane, LM the picture conſidered as being 
perpendicular thereto, LX the vaniſhing plane, E the point of ſight ; 
then, upon the paper or cloth, &c. intended for the picture which is 
to contain the required repreſentations, draw at pleaſure the line 
MN, and parallel thereto, at a diſtance equal to the given height of 
the eye, draw the line H L, and perpendicular thereto, through the 
point of ſight E, draw the line E r, interſecting the lines HL, MN, 
in the points C and r, and through E, parallel to H L, draw the line 
Z X; then is MN the interſecting line, H L the vaniſhing line, 
Z X the parallel of the eye, Cr the vertical line, E C the diſtance 
of the eye from the picture, C the center of the picture, and alſo 
that of the vaniſhing line H L, they both coinciding together in this 
particular poſition of the picture, This preparation being made, 
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the ſeveral planes and lines here mentioned are in the proper ſitua- 
tions for the practice of drawing the repreſentations required to be 
determined by the help of thoſe ſeveral plines, &c. As to the parti- 
cular dimenſions proper to tbe aſſigned to thoſe planes, we ſhall treat 
thereof in the annotations which are hereto annexed. 


PROBLEM I. 

To find the indefinite image of an original line, not parallel to the 

interſecting line, by help of the vaniſhing and interſecting points 

thereof, 

anderes. 

Let the line N I be an original line, meeting the interſecting line 

MN in the point I; from E draw the line EV parallel to NL. 

cutting the vaniſhing line H L in the point V, draw the line I V, 
and it will be the indefinite image required. 


DEMONSTRAT ION. 

The original and vaniſhing planes being parallel to each other, 
(def. VIII. part II.) and the line E V parallel to N I, by conſtruc- 
tion, the point V is the vaniſhing point of the line NI; (def. XIX.) 
nov the interſecting line MN being common both the plane of the 
picture and the original plane, I is therefore the interſecting point of 
the given original line N I; conſequently I V is the indefinite image 
thereof, by the ſcholium in page 50. 


SCHOLIUM. 

The line E V muſt be fo drawn, that the vaniſhing point of the 
given line may be on the ſame ſide of the vertical line, to which the 
inclination of the original line tends towards the interſecting line; 
thus NI, being the original line, its vaniſhing point V falls between 
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C and H; but if DM be the original line, then its vaniſhing point 

V falls between C and L; and if the original line be perpendicular 
to the interſecting line, as the lines A N, BD, &c. then will the 
vaniſhing point fall in C, the center of the picture. 


PROBLEM II. 

The indefinite image of a line being given ; thence to find the 
-original, by help of the vaniſhing plane and AE point 
thereof. 

CONSTRUCTION. 

Let IV be the indefinite image given; produce the ſame both 
ways when neceſſary, ſo as to meet its vaniſhing and interſecting 
points V and I, and from I draw a line, as I'N parallel to E V. 


DEMONSTRATION, 

Then the line IN, being drawn through the interſecting point I, 
parallel to the line E V, drawn in the vaniſhing plane through the 
point of ſight, by conſtruction; it is therefore the original line re- 
quired. (def, XIX.) 2, E. D. 
| h PROB L E M III. I 

The common vaniſhing point of parallel lines in the original plane 
being given; thence to find the vaniſhing point of all other lines in 
that plane, which make a given angle with the lines firſt propoſed. 


| CONSTRUCTION. | 
Let TO, S U, be two given original lines parallel to each other, V 
their common vaniſhing point, and let 8 T, UO, be two other given 
lines, making any given angle 8 T O, or UO T, &<. with the former. 
From the given vaniſhing point V draw a line to the point of fight 
E; then from E, towards that end of the vaniſhing line to which 
Q 
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the lines tend, whoſe vaniſhing point is ſought ; draw the line Ey, 
making with VE an angle VE y, equal to the given angle, and the 


point y, in which the line ſo drawn cuts the vaniſhing line, is 2 
other vaniſhing point required. 2501 


DEMONSTRATION. 
By ſcholium, in page 50, the lines o V, u V, are the indefinite 
images of the given parallel lines TO, 8 U, and oy, ty, are thoſe 
of the lines UO, ST, and the angle VET OU, by conſtrue- 
tion; therefore V and y are the vaniſhing points of thoſe ſeveral 
lines. (vane? VI. part II.) "0 E. D. 


COROLLARY I. 

If the original lines propoſed, as AB, ND, be parallel to MN, 
the interſecting line of the original plane, then the vaniſhing point of 
ſuch lines, as AD, B N, which make a given angle with the propoſed 
original lines, may be found thus; through E draw E V, to cut the 
vaniſhing line in V, on the fame fide or ſides of C, to- which the re- 
quired originals are ſuppoſed to tend, making the angle X E V, or 
its equal E V y, equal to ABN, er DNB, the angle propoſed ; 
then will V be the vaniſhing point of all ſuch lines as BN, and v 
that of all ſuch lines as A D. For the line E V makes the ſame an- 
gle with the eye's parallel E X, as the originals, whoſe vaniſhing 
point is V, make with the interſecting line of the original plane, or 
any line parallel thereto. The ſame holds good with — to the 
line E v, and the lines whoſe n ou is v. 


COROLLARY II. 
Hence it follows, that if the original lines propoſed incline ſo 
much to the interſecting line of the original plane, as to cauſe their 
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vaniſhing point to be out of reach ; yet if the angle, which the ori- 
ginal lines make with the interſecting line, be known, the vaniſhing 
point of lines, which make a given angle with the propoſed original 
lines, may be found in manner as above; for, drawing E V on that 
fide of C, to which the original lines are ſuppoſed to tend, making 
the angle X E V equal to the angle of inclination which the original 
lines make with the interſecting line; draw another line Ev, cutting 
the vaniſhing line in v, and making the angle V E v equal to the 
angle propoſed, and v will be the vaniſhing point deſired, for the 
ſame reaſons as above. 
; L E M M A. | 

The director of a line in an original plane makes the ſame angle 
with the eye's parallel and directing line of that plane, as the image 
of the given line makes with the vaniſhing and interſecting lines of 
that plane. Becauſe the director and the image of the original are 
parallel one to the other. (theorem VII. part II.) 


c OROLLARY I. 

The director of an original line makes the ſame angle with the 
eye's director of that plane, which the image of the original line 
makes with the vertical line of that plane. 

Becauſe the eye's director and vertical line are parallel, as is alſo 
the director of the original line to the image thereof. 


COROLLARY II. 

The indefinite images of all lines whatſoever, whoſe directing 
points are any where in the parallel of the eye, relating to an ori- 
ginal plane, are parallel to the vaniſhing line of that plane: 

For the images are parallel to their director, which being the pa- 
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rallel of the eye, in this caſe, they are therefore parallel to the va- 
niſhing line of the original plane. 


COROLLARY III. 

The indefinite images of all lines whatever, whoſe directing points 
fall any where in the eye's director, relating to an original plane, 
are parallel to the vertical line thereof, whether the propoſed * 
be in or out of that plane. 


For the director of the eye, being the director of the 2 
lines, it is therefore parallel to the vertical line. | 


COROLLARY IV. 
If any two lines in an original plane cut the directing line of that 
plane in the ſame point, their images will be parallel. 
For the original lines muſt then have the ſame director. 


CUFUTLTIATT FT. 
If the images of any two original lines in the ſame plane be pa- 
rallel, the original lines, if they be not parallel to the Fare, muſt 
have the ſame directing point. 

For there can be drawn but one director parallel to both the 
given images, and that director can cut the directing line of the 
original plane only in one point, which point is therefore the com- 
mon directing point of the propoſed original lines. 


S C HO LIUM. 

It is eaſy to reverſe this problem, that is, from a directing point 
given, thence to find another directing point, ſuch that the images 
of all original lines, which have thoſe points for their directing 
points, may make in the picture an angle equal to any angle pro- 
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poſed, only by uſing the directing plane and directors in like manner 
as the vaniſhing plane and the lines drawn. to the vaniſhing line from 
the point of ſight parallel to the given original lines, were uſed in 
the above, regard being had to the poſition of the directing point 
ſought, which muſt fall on the contrary ſide of the given directing 
point to that, whereto the propoſed images are intended to incline, 
the demonſtration whereof is deducible from the preceedent lemma 
| and its corollaries. 

N. B. The angles determined by this problem, when nolther of 
the original lines are ſuppoſed parallel to the interſecting line, are 
thoſe comprehended between the two vaniſhing points, the two 
interſecting points of the images, as V mv, or M m1, or the cor- 
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reſponding angles of the originals, and not the angles which the 
originals, or their images make fide ways, as Vm M, or v ml. 


D R F 1 N 6 
The angles Vmv, Mml, or any others in a like poſition with 
their correſponding originals, are here called INTERNAL ANGLES to 
diſtinguiſh them from the angles Vm M, vm], which are called 

external angles. 

EINE mne 
A vaniſhing point being given; thence to find two other vaniſhing 
points, ſuch that all lines, drawn in the picture from thoſe three 
points, on the ſame ſide of the vaniſhing line, may, by their mu- 


tual interſections, form triangles, whoſe originals ſhall be ſimilar to 


an original triangle given. 


PLATE X. Fig. 11. 
Let the ſame things be ſuppoſed as before, and let V be the va- 
niſhing point given. 
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Draw the line E v. and from E 1 any part 1 as K W. "i 
upon the line E W make a triangle E W Z. fimilar to the original tri- 
angle propoſed, having either of its angular points in E; then pro- 
duce E Z till it cut the vaniſhing line in ſome point, as H, from E 
draw another line, as E K, parallel to W Z, cutting the ſaid yaniſhing 
line in K; then are H and K the vaniſhing points required. Let there 
now be drawn, from the points H, V and K, any lines, as Hm, 
H p, Hs; Vn, Vm, Vp; Kk, Kn, Km; making by their mu- 
tual interſections any triangles, amp, a bk, a k n, an m, &c c. I 
ſay, the originals of all thoſe ſeveral (rjangies are ſimilar to the ori- 
ginal triangle propoſed. * | 


DEMONSTRATION..- 

Becauſe the originals of a p, a m, m p, whoſe vaniſhing points are 
H, V and K, are reſpectively parallel to the lines EH, EV, E K, 
drawn from the point of ſight to thoſe vaniſhing points, (def. XIX. 
part II.) and E K is parallel to W Z by conſtruction ; therefore the 
original of mp is alſo parallel to WZ, (theorem XI, part I.) for the 
ſame reaſons, the originals of the three ſides a m, a p, mp, of the 
triangle a m p, being reſpeCtively parallel to the three ſides E W, 
E Z, W, of the triangle E W Z, and their correſponding angles being 
equal; (theorem XII. part I.) therefore the original of the triangle 
a mp is ſimilar to the triangle EW Z, but the triangle EW Z is 
ſimilar to the original triangle given, by conſtruction; hence the 
propoſition is manifeſt. The ſame may, in like manner, be proved 
of each of the other triangles a bk, a k n, &c. 2, E. D. 


* 


SC HOLIU M. | ' 
If it happens, in conſtructing the triangle E W Z, ſimilar. to the 
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original triangle given, that the line W Z be parallel to the vaniſhin 
line HL, then the original triangle will have but two vaniſhing 
points, from which drawing any two lines fo äs t6 interſect each 
other, and theſe being again interſected by any line drawn parallel 
to the interſecting line MN, a triangle will thereby be formed, 
whoſe original is ſimilar to the triangle propoſed. 
Suppoſe now, in the ſame figure, S T to be parallel to H L or 
X V, then a line drawn through E, parallel to 8 T, will coincide | 
with XV; whence the ſide of the original triangle, correſponding 
to 8 T, can have no vaniſhing point in this caſe; (theorem IV. 
part I.) it will therefore be parallel to the interſecting line MN, 
(cor. I. theorem XIII. part II.) to which its image is alſo parallel ; 
(cor. II. theorem IV. part II.) wherefore any two lines HR, K D, 
being drawn from the vaniſhing points H and K, any where cutting 
each other, as in m, any lines g f, np, drawn parallel to the inter- | 
ſecting line MN, or even the interſecting line itſelf, will, by their in- 
terſections with the lines H R, K D, form triangles m pn, mgf, 
DmR, &c. whoſe originals will be ſimilar to the original triangle given. 


CEN VEE ASERTY 
Hence, if three vaniſhing points, or two only, in ſuch caſes as 
the above, of a triangle be given, the ſpecies of the original triangle 
may be thence determined. | 
Thus, ſuppoſe H, V and K to be given, draw the lines E H, E V, 
EK; then, through either two of thoſe adjacent lines, draw a line 
parallel to the third, and it will determine the ſpecies of the original 
triangle; for, drawing WZ through E H, and E V, and the line W Z 
parallel to E K, the triangle EW Z will be ſimilar to the original tri- 
angle, from what has been premiſed, or a line W Q, drawn through 
E V. and E K, parallel to E H, determines E W Q the ſpecies of the 
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original triangle; for the triangles EW Z, EW. are ſo evidently 
ſimilar, as not to need a demonſtration thereof; or if H and V be the 
only two vaniſhing points of the original triangle, it is evident, that 
by drawing 8 T parallel to X Y, it will determine the ſame by the 
triangle ES T, which is alſo ſimilar to the triangle EH K. 


SC HO LIUM. . 
In this problem it is limited, that the lines, drawn from the 
given vaniſhing points of the given original triangle, be all on the 
ſame ſide of the vaniſhing line, in order that the triangle, formed 
by the interſections of thoſe lines, may repreſent a triangle ſimilar 
to the original; for if thoſe interſections fall ſome on one ſide, and 
ſome on the other, of the vaniſhing line, the original of the tri- 
angle ſo formed will be two diſtinct and ſeparate indeterminate 
figures. 2 88 
The reverſe of this problem, that is, from a directing point given, 
to find two other directing points, ſuch that the images of all original 
lines, drawn from thoſe three directing points, may, by their mu- 
tual interſections, form on the picture, triangles ſimilar to a given 
triangle, may be eaſily performed, by making uſe of the directing 
plane, and the directors of the original lines, in the ſame manner as 
was ſhewn, of the vaniſhing plane and the lines drawn from the eye 
to the vaniſhing points of the given original lines, as was obſerved 
in the ſcholium page 60, which is ſo evident, that it needs no 
farther explanation. 


PROBLEM V. 
To find the image of any given point in an original plane. 
This is done by finding the indefinite images of any two lines in 
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the original plane which paſs through the given point, for the inter- 
ſection of thoſe images is the image of the point required. (theorem 
VIII. part II.) | 


EAAMPLE I. PLATE HK. Fig. 10: 
For, let z be the point given, D M, NI, two lines in the original 
plane, interſecting each other in that point, M, IV, their indefi- 
nite images on the picture, interſecting each other in the point m; 
then is that point m the image or perſpective repreſentation of the 
point z, which was to be found. 


k EXAMPLE II. 

To find the perſpective repreſentation of B D, a line perpendicular 
to the interſecting line MN, or bottom of the picture; draw from 
one of the extremes, as D, a line D M, any how cutting the inter- 
ſecting line, as here at M; through E, parallel to DM, draw E v, 
cutting the vaniſhing line in v, the vaniſhing point of D M, through 
B, the other end of the given line, draw NI, and parallel thereto 
draw E V, continue BD till it meet the interſecting line as at i; 
then drawing M, I'V andiC, the intercepted line b d will be the 
perſpective repreſentation of BD required. 


EXAMPLE III. | | 

To find the perſpective repreſentation of A B, a line parallel to 
the interſecting line or bottom of the picture. 
Draw Bi, Ax, each perpendicular to MN, and meeting the ſame Ll 4 

in the points i and x ; draw x C, i C, and the other lines as before; 138 
then is a b the repreſentation required. 


| 
| 
| 
| 
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EXAMPL E IV. 
To find the repreſentation of a line, as NB, in an oblique poſition 
with the interſecting line, 
Produce N B to I, and draw the ſeveral lines as before directed, 
then will the line b n be the repreſentation required, 


SCHOLIUM. 

Now, ſeeing. that all plane right lined figures are bounded by 
lines, which are either perpendicular, parallel or oblique to the in- 
terſection line, the examples here given ſuffice for finding the repre- 
ſentations of any given rectilinear figures, the picture, original and 
vaniſhing planes being in the ſituation here deſcribed, we might 
now proceed to the finding any other repreſentations, or to the 
finding of the originals themſelves, from having their repreſentations 
given on the picture, in every ſituation that can be given to the 
picture, with reſpect to the original plane; but that would be foreign 
to the deſign of this little tract, which is not intended to teach the 
art of drawing perſpective repreſentations in its full extent, but 
only to remove the difficulties which lay in the way of learners at 
their firſt entrance on this ſtudy, through their not being able rea- 
dily to conceive, with ſufficient clearneſs, the actual poſitions of the 
ſeveral planes and lines neceſſary to be duly diſtinguiſhed and applied 
in ſtudying the rudiments of this art ; wherefore, hoping this ſhort 
Eſſay will be of ſome affiſtance to learners in this reſpect, ſhall now 
endeayour to ſhew them, by a kind of ocular proof, the exact 
agreement which ſubſiſts between the practical conſtructions which 
are uſed in this art, and what we have. previouſly advanced under a 
ſtereographical conſideration. To effect which, let us now ſuppoſe 
the picture to be raiſed at right angles to the original plane, by 


bringing P to coincide with P, and Q with Q alſo ſuppoſe the va- 
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niſhing plane parallel to the original plane, by making Y coincide 
with Y, and W with W; then, ſuppoling AB DN, GFKPR, 
OUST, to be three original figures given in an original plane, 
and abdn, gfkpr, ouſt, to be their reſpective repreſentations 
on the picture, as inveſtigated by the rules of practical perſpective, 
when thoſe ſeveral planes formed one continued plane: let now the 
ſilks be drawn through the point of ſight, they repreſenting ſo many 
rays of light iſſuing from the extremities of the given objects, and 
all uniting together in the eye or point of ſight; then, by what was 
delivered in def. I. part II. it appears, that thoſe ſeveral ravs will, 
by their interſections with the picture, mark thereon the ſeveral 
points requiſite for determining the required repreſentations of the 
given original objects; and, ſeeing thoſe rays interſe& the picture 
in the very ſame points as were before found by practical conſtruc- 
tion, it is plain the reſult is the ſame in both; whence the perfect 
coincidence between the theory and practice of forming perſpective 
repreſentations appears manifeſt. 

And the ſame may, in like manner, be ſhewn, let the poſition of 
the picture and the original plane be what it will; whether conſi- 
dered as parallel to each other, as obliquely ſituated one to the other, 
as inclining to, or as reclining from each other, under any given 
angle whatever, &c. which, it is hoped, will evidently appear from 
what has been delivered, and is contained in the following annota- 
tions; wherefore, having thus endeavoured to elucidate the doctrine 
of planes as applied to the primary operations uſed in the practice of 
perſpective, which is the propoſed boundary of this attempt, I now 
refer to Mr. Kirby's treatiſe afore-mentioned, and thoſe maſters 
whoſe province it is to exhibit the uſes of thoſe principles under the 

different modifications required in the practical applications thereof, 


— 
= 
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leaving to another opportunity the confideralidn of what may here- 


after appear farther neceſſary for rendering this method of n 
the theory more extenſive. 
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GENERAL COMMENT ON PART II. 


I. OF MATHEMATICAL PROJECTIONS IN GENERAL. 


MM arrematica projections are of two kinds, viz. geometrical and 
ſtereographical ; the former whereof ſhould be firſt underſtood, as 
being uſeful and neceſſary to the latter. 


II. OF GEOMETRICAL PROJECTIONS. 

Geometrical projections are conſtrued by drawing lines, parallel 
to each other, from the ſeveral points of the given objects, cutting 
the plane of projection either perpendicularly or obliquely, under 
any angle whatever. In this kind of projection, the place of the eye 
is not conſidered otherwiſe than by ſuppoſing it very remote, or at 
an infinite diſtance from the plane of projection; whence it can re- 
preſent only two dimenſions at a time, as length and breadth with- 
out thickneſs, or length and thickneſs excluſive of breadth, &c. 
The projected images of objects differ according as they are ſituated 
with reſpect to the plane of projection : hence ariſe three caſes. 

1. When the objects to be projected are in planes parallel to that 
of projection. 2. When perpendicular thereto, 3. When inclining 
to the ſame. | 
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In, the firſt of theſe caſes, the images are exactly equal and ſimilar 
to their originals; in the ſecond, they become ſtraight lines; and in 
the third, are neither equal nor ſimilar. 


CASE I. ILLUSTRATION. Plate I. Fig. 1. 

Make F coincide with F, and the planes B M, SH, to paſs 
through each other in the line HL. Now, let ABE D repreſent 
an object to be projected on a plane 8 H parallel thereto. Draw 
AT, D R, BH, E C, parallel to each other, and perpendicular to 
the plane of projection 8 H, meeting the ſame in the points T, R, 
H, C; then, drawing the lines RC, CH, HT, RT, the figure 
H CRT is the geometrical projection of AB E D, and exactly equal 
and ſimilar thereto. 


DEMONSTRATION. 

The planes BD, R H, are parallel to each other by hypotheſis, 
B H parallel to E C, and both perpendicular to the plane RH by 
conſtruction; H C is therefore equal and parallel to BE. In like 
manner it may be proved, that the lines RC, R T, T H, are reſpec- 
tively equal and parallel to E D, DA, AB; and all the angles of 
the given figure being equal to the correſpondent ones in the projec- 
tion, therefore is R CH T. equal and ſimilar to ABE D. Or if 
the projecting lines are oblique to the plane of projection, thus; 

Let A o, DV, BP, E d, be drawn from the ſame points A, D, 
B, E, any how inclining to the plane RH, and meeting it in the 
points o, V, P, d, it may be proved as above, that the figure 
Vo Pd is alſo equal and ſimilar to AB E D. 2: E. D. 


COROLLARY 
Hence it appears, that the projection will always be the ſame, 
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whether the plane of projection be before, behind, above, below, 
nearer to, or farther from the original plane, 3 the 1 i 
lines are parallel to each other. | 005 T1190 315 ; 


CAS E HI SAME FIGURE: 

Suppoſe now E f p q, in the plane B M, to be the object to be 
projected on the plane RH, perpendicular thereto; then, drawing 
fr., E C, to meet R H perpendicularly, and they will give the line 
Cr, for the projection of Ef p q, for all the lines that can be drawn 
from any points in that figure, to meet the ſaid plane perpendicu- 
larly, will fall in the common ſection Cr; therefore the projection, 
in this caſe, is a ſtraight line only. | 


CASE MM. SAME FIiGURE. 

Make the plane S8 H paſs through the plane DV; let now the 
plane D Z be the plane of projection, D Yan original plane containing 
a line a o, inclining to the plane D Z. 

Draw o R, a e, perpendicular to D Z, and they determine the 
projection e R of the given line a o. 


SC H OLIUM. 

In this caſe, when the projecting lines are perpendicular to the 
plane of projection, each line in the given figure will be, to its 
image, as radius is to the co-ſine of the angle of inclination. For, 
from the extreme o, draw o b parallel to e R, and it will alfo be 
equal thereto; whence o b a, being a right- angled triangle, o b=eR, 
is the co-ſine of the angle of inclination ; therefore it is ao: o b = 
R:: Radius: the co-ſine of the angle of inclination. 
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OF THE-DIFFERENT WAYS OF APPLYING GEO- 
| ME'TRICAL PROJECTIONS. 

| There are ſeyeral ways of applying this kind of projection, in all 
which the projecting lines are generally conſidered, as being perpen- 
dicular to the plane of projection; whence it is diſtinguiſhed by dif- 
ferent names, ſuch as Ichnography or plan, n or eleva- 
tion, Section, Profile, &c. N | 

IcnxNoGRAPHY or PLAN, When it deſcribes the Newer nb ſeat 
or place which objects have on the ground, not regarding. their 
heights aboye it. Thus the plan of .a town, fort, or any building, 
is the geometrical deſcription of the perpendicular poſitions. which 
their ſeveral parts have with reſpect to the ground, that being con- 
ſidered as the plane of projection. f 

ORTHOGRAPHY or ELEVATION, when it repreſents the plane or 
ſurface of objects, according to their breadth and heighth above the 
ground, excluding the depth or ſpace which they occupy thereon. 
Thus the elevation of a building is the geometrical deſcription of 
ſome one front or fide thereof, deſcribed upon the plane of projec- 
tion, as to the height and breadth thereof. And if the building be 
| ſuppoſed to be cut by a plane paſſing through the ſame, and the ſe- 
veral parts thereof be deſcribed upon that plane, according to the 
true meaſures which the parts have through which that plane paſſes; 
this is called a SECTION of that building. 

PRoFILE, when it is applied to works of fortification, for de- 
ſcribing the ſeveral heights thereof, as they would appear upon a plane 
paſſing through them perpendicular to the ground. 

CHART or MAP, when uſed geographically, to deſcribe the form 
of any part of the earth, and the poſitions of places ſituated upon 
the ſame, without conſidering the ſphericity thereof, but looking 
ppon the part ſo deſcribed as being a plane. 
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In all theſe applications, the plane of projection is conceived as 
parallel to the plane of the original or thing deſcribed; whence the 
projection ſhould, in ſtrictneſs, be equal and ſimilar to its original, 
but, in the practical uſes hereof, it is ſimilar only; for it is chiefly 
uſed to repreſent or deſcribe large things in a ſmaller compaſs than 
they really poſſeſs, ſo as to be in any aſſigned proportion to the ori- 
ginal, at the ſame time preſerving, as much as poſſible, the true 
form and poſition of the ſeveral parts thereof. 

This kind of projection is alſo uſeful to aſtronomical purpoſes, in 
projecting the ſphere and its ſeveral circles in plano, in which thoſe 
circles are conſidered as being in planes, whereof ſome are parallel, 
ſome inclining, and others perpendicular to the plane of projection; 
and they are accordingly repreſented on the given plane, by circles 
in the firſt caſe, ellipſes in the ſecond, and by ſtraight lines in the 
third. 


OF STEREOGRAPHICAL PROJECTION. 

Stereographical projection is when the projecting lines, drawn 
from the original object to cut the plane of projection, are not pa- 
rallel to each other, but converge together, and all meet in one 
point. 

Objects are here conſidered as ſeen from one certain point, called 
the point of ſight ; whence this kind of projection can repreſent at 
once, all the three dimenſions, length, breadth and thickneſs ; that 
is, as it were, the ſolidity of objects. Here alſo ariſe three caſes or 
varieties proceeding from the different poſitions which the point of 
ſight, plane of projection, and the ein plane may have with re- 
ſpect to each other. 

1. When the plane of projection is between the point of ſight and 
the object. 
| U 
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| 2. When the * _ between that point and the — of Pio 
jacien. NJ onsiq 51 

3. When the ſaid point is detween the object and the plane of 
| projection. | 
| The firſt of theſe caſes is called perſpective, and here the image 
| i always leſs, in the ſecond it is always greater, and in the third it 
may be either leſs, equal, or greater than the given object. But it 
is not true, that the PARTS OF AMAGNITU DE MAY BE LESS, 
EQUAL TO, OR GREATER THAN THE MAGNITUDE FTSELF ®, It is. 
only the repreſentation of magnitude that is here deſcribed. 


ILLUSTRAT ION. Plate V. Fig. 6. 
Raiſe up the plane K D, and make the planes 8 Q and M N paſs 
| through the ſame ; raiſe up the plane P Z, bring R to coincide with 
Ii R, and paſs the plane K A through the planes MN, $Q and PZ. 
l: Now, in the firſt caſe, let E be the point of ſight, the plane 8 
| the picture or plane of projection parallel thereto, and PZ the original 
| | plane containing an original line AD. Then, drawing the lines 
| E A, E D, they will interſect the picture or plane 8 Q, in the points. 
a and d, and thereby determine the line a d for the perſpective ap- 
pearance of the original AD. Now it is evident, that a d muſt al- 
ways be leſſer than A D, and that if the plane 8 Q be ſituated nearer- 
the plane PZ, every thing elſe being as before; the image a d will 
be greater and greater, as that plane approaches nearer to the plane PZ, 
and reverts into the original, by the coincidence of thoſe two planes. 
On the other hand, if the plane 8 Q. be fuppoſed to approach, in like 
manner, the plane MN, the image decreaſes, and when thoſe two 
planes coincide together, it will vaniſh into the point E. 


See page 27. Elements of Mathematics, &c. for the uſe of the Royal Academy at 
Woolwich, 1757. 
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In the ſecond caſe, let now the plane 8 Q be confidered as the 
original plane, a d the original object, and the plane PZ to be the 
picture or plane of projection, and E the point of ſight, as before; 
then producing E a, E d, till they meet the plane of projection, as 
here at A and D, the line AD will be the image of ad, and 
greater than it, as is, evident from the conſtruction itſelf, and be- 
comes ſtill greater, as the plane 8 Q comes nearer to the plane PZ, 
and will become infinite, or rather be no image at all, when thoſe 
two planes coincide; for then the lines, which ſhould produce the 
image, will be parallel to each other, as in geometrical projections, 
therefore can not meet in a point to form an image, which ſtereo- 
graphical projection requires them to do. 

Laſtly, ſuppoſe BS to be the original object in the plane RW, 


and 8 Q the plane of projection parallel thereto, and E the point of 


fight ; then drawing through E the lines BE, SE, producing them 
till they meet the plane of projection, as here in the points d and 
a, and they will determine the line d a for the image of BS. Now, 
when KE=EC, it is evident that the image d a will be equal to 
the original B 8, as in the poſition before us; but when K E is leſs 
than E C, the image da will be greater than BS; but if EK be 
the greater, then the image will be leſſer than the original, and that 
when E C is nothing, or that the planes MN and SQ coincide, 
the image then vaniſhes into the point E; but if E K becomes no- 
thing by the coincidence of K with E, the image ſhould then be 
infinitely great, and therefore can not be repreſented on the plane of 
projection. | 


COROLLARY. 
Hence it appears, that, in all theſe three caſes above-mentioned, 
the point of ſight, plane of projection, and the original plane, muſt 
be at fome diſtance from each other; for if either the plane of pro- 
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jection, or the original plane, coincides with the eye, no image can 
then be formed; and, if the plane of projection and original plane 
coincide, the image then changes into the original Wels. 


OF SPHERICAL PROJECTIONS. 

In projecting the ſphere in plano, the geometrical and Reroogre- 
phical projections are introduced, and applied ſometimes ſingly, and 
ſometimes both together ; thus, ſuppoſe the eye to be placed in one 
of the poles or extreme points of the axis of the ſphere, and the 
plane of projection to be perpendicular to that axis, and paſſing 
through the oppoſite pole or other extreme thereof; in this caſe, the 
whole ſphere will be included between the eye and the plane of pro- 
jection; and therefore the ſecond caſe only is here applied. 

But the eye continuing in the ſame poſition, and the plane of pro- 
jection ſuppoſed to paſs through the equator, or any of the leſſer cir- 
cles parallel thereto, as the tropics, polar, or parallels of latitude, 
&c. then a due application of both the firſt and ſecond caſes is re- 
quiſite ; for the projections of thoſe parts of the ſphere, which are 
between the eye and plane of projection, are derived from caſe II. 
and thoſe which are beyond that plane, from caſe I. Becauſe the 
eye is here ſuppoſed to be in one of the poles of the ſphere, it is ma- 
nifeſt, from the above, that the ſaid pole can not be repreſented in 
the projection, by reaſon thoſe parts of the ſphere, which are neareſt 
the eye, will be projected fartheſt out, and recede infinitely from the 
center of the projection, proportionably to their vicinity to the eye; 
whence theſe kind of projections are generally confined to ſome par- 
ticular circle of the ſphere, taken at pleaſure, according to the parts 
which the projection is to deſcribe, for then none of the parts between 
that circle and the eye are delineated on the plane of projection. 


Nov, if the plane of projection paſs through that particular circle, 
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the whole projection is perſpective, and comes under caſe I. In 
all theſe inſtances the projections are ſimilar one to another, and 
differ only as being one greater or leſſer than the other, according 
es the plane of projection is ſuppoſed to be more or leſs diftant 
from the eye. 

_ Having thus deſcribed the nature of mathematical projections in 
general, I now proceed to conſider caſe I. more particularly, as be- 
ing the principal defign of this little tract, referring the ſpherical 
projections, and what I bave prepared for illuſtrating and explaining 
that ſubze& more fully, to another opportunity. 


OF THE DIFFERENT APPELLATIONS GIVEN 
| TO PERSPECTIVE. 

Authors have conſidered and diſtinguiſhed Perſpective variouſly. 
Some according to the different poſitions which the picture may 
have with reſpe& to the ground; thence denominating it to be di- 
rect, inclining and horizontal, according as the picture be fuppoſed 
either perpendicular, oblique, or parallel to the ground. Others 
from the different poſitions of the picture with reſpect to the eye, as 
being either directly in, above, below, or on one ſide of the axis 
thereof. And others, again, by the different diſtances of the eye 
from the picture, But no advantage has accrued to the art from any 
of theſe varieties, there being no effential difference in the practice, 
whether it refult from one or the other of thoſe confiderations, for 
the rules ſerve alike in all of them, let what will be the poſition of 
the eye and the picture, or that of the picture with reſpe& to the 
objects. 

For it is only from the different form which the picture may be 
of, that any eſſential difference can ariſe, as whether it be a plane, 
concave, or convex ſurface, &c. Such are the caſes of appearances 

X 
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deſcribed on cupolas, arched: cielings, uneven walls, or theatri- 
cal. ſcenes, &. which laſt is commonly called Scenography, and 
conſiſts in making the deſcription upon ſeveral different planes, dif- 
ferently poſited, and at different diſtances with reſpect to the eye. 
And ſometimes objects are repreſented by reflexion, by ſo drawing 
them on the picture, that although they then appear confuſed, and 
without any veſtiges of a regular deſign, yet, by placing a poliſhed 
piece of metal or glaſs, of a ſuitable form, and in a proper poſition, 
the ſeveral parts of the picture will be thereby duly reflected to the 
eye, in their proper ſituations, and the true image of the original, 
from whence they were drawn, will be perfectly exhibited to view, 
however confuſed and unintelligible. it ſeemed before. For, whe- 
ther the rays which compoſe an image de reflected, refracted, or 
any other way diſturbed from proceeding in a rectilinear eourſe to 
the eye, if they be ſo ſubjected by any contrivance, as that they at 
laſt duly unite in the eye, they will thereby diſcover the true image 
of that object ; but theſe are ſpeculative matters more for curioſity 
than real uſe, ſhall not therefore digreſs farther on this head, but 
leave the reader, who is defirous to learn this particular ſpecies of 
Perſpective, to the directions of a treatiſe, PO we a jeſuit, 
intitled, LE CURIEUSE PERSPECTIVE. 

Some authors have alſo introduced a third kind of e 
called by them MILITARY PERSPECTIVE, or geometrical elevation, 
by which they pretend to repreſent length, breadth and depth to 
the view all at the ſame time, by raiſing the ſides of the objects 
from their ichnography or geometrical plan, adhering to the true 
meaſures of thoſe ſides, regardleſs of their different diſtances from- 
the eye, but varying the angles of elevation by the laws of ſtereo- 
graphical projection. The effects of this unfit mixture of both kinds 
of projection, is an inconſiſtent medley, both unnatural and diſa- 
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greeable to the eye, and can anſwer no purpoſe: but what may be 


better attained by true Perſpective, is therefore unworthy of a place 
in this tract; but a more particular account thereof may be ſeen in 
the firſt volume of the jeſuit's Perſpective, printed at Paris in 1679, 


to which we refer thoſe who would learn this kind of projection, 
which we here think not worth our while to explain any farther. 


Sonn 


II. OF THE SEVERAL PLANES NECESSARY TO BE 
CONSIDERED IN DETERMINING THE APPARENT. 
POSITIONS OP OBJECTS ACCORDING TO THEIR RE 


SPECTIVE SITUATIONS. 


The fundamental principle, upon which all manner of projections 
depend, conſiſts in knowing how to determine or mark out, upon 
any given plane, the place of any point of a viſible object, as ſeen 
by the eye in any given poſition. Now the apparent place of any 
point of the object will be in that point of the given plane where K 
line, drawn from the eye to the ſaid point, interſects the ſaid plane, 
or when the given plane is beyond the object, in that point where 
that line duly produced meets the ſaid plane: and the poſitions of 


any points being obtained, thoſe of lines are eafily derived, as being: 
terminated by points.; ſurfaces, as bounded by lines ; alſo ſolids, as 
being contained under one or more ſurfaces ; wherefore the rules of 
projection have their origin from hence. But the real poſition of a 


point in abſolute ſpace can not be known otherways than by com- 
paring it with other objects, whoſe ſituations are given; whence: © 


ſeveral planes, differently ſituated one to the other, mult be aſſumed, 


ſo that, by means of one of them, the poſition of the object may 
be compared with reſpect to its being even with, above, or below 
the eye, and by help of another, whether it be in the ſame right 


line with the eye, or on either fide thereof. Thus aſtronomers ſup- 
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pole a hind; which they call the viſible horizon, to paſs through 
the eye, and extended every: way till it coincide with the heavens ; 
by this they diſtinguiſh the poſitions of the moon, ſtars, &. either 29 
being in this plane, or as being elevated or depreſſed above or below 
the ſame; alſo another plane, in like manner extended, they ſuppoſe 
to paſs through, and at right angles to the former, and thereby diſ- 
tinguiſh objects as being to the eaſt or weſt, or on the right or left 
hand of the obſerver ; and many other pofitions relating to the ſun, 
moon, ſtars, &c. are aſcertained from ſuch like imaginary planes, 
as is made appear in the aſtronomical ſcience; ſo likewiſe, in Per- 


ſpective, three planes are neceſlary for Gutermmining the true . 
ances and poſitions of objects. 


ILLUSTRATION. Plate IV. Fig · $455, 

| Raiſe up the plane D C, and make the plane OP paſs through 
the ſame, then raiſe up the plane S'T ; bring D, in the plane PD, 
to coincide with D in the plane D K, and make the plane L B paſs 
through both the planes OP, S T; again, bring D, in the plane 
D V, to coincide with D, and make the plane MN alſo paſs daun 
the ſaid two planes OP, ST. 

Now, ſuppoſe the plane 8 T to be an original plane, and AGBF 
to be an object ſeen in that plane by the eye at E, and let L B be 
a plane paſſing through the eye, and cutting the object, ſo that the 
line E C, drawn from the eye to the object, be perpendicular to the. 
plane containing that object; let now the plane O P be placed ſome- 
where between the object and the eye, and let M F be another 
plane, interſecting the two other planes at right angles, then will 
the plane L B ſhew what parts of the object are above, what below, 
and what are even with or in the plane of the eye ; the plane MF 
ſhews what parts thereof are on the right, and what op the left 
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hand ſide thereof; and the plane OP ſhews the perſpective appear- 
ance or image thereof, when projected by lines drawn through the 
ſame, from the ſeveral points of the object to the eye, as ſeen in 
that poſition. | | | 

Now, if LB be conſidered as a level or horizontal plane, cutting the 
picture or plane OP perpendicularly in the line ab or xy, that line 
is called the horizontal line; and if the plane MF be conſidered as a 
perpendicular or vertical plane, cutting the ſame in the line HI, this 
line will be called the vertical line; now the vertical and horizontal 
planes interſect each other in the eye's axis, or line EC; whereof that 
part E c, which is intercepted between the eye and the picture OP, is 
called the principal ray, or diſtance of the eye from the picture. Now, 
when the three planes OP, LB, MF, are given in poſition, the ho- 
rizontal and vertical lines are alſo given in poſition on the plane of 
the picture; wherefore if E, the place of the eye in the interſection 
of the horizontal and vertical planes, be known, that is, if E c, the 
diſtance between the eye and the picture be given, and the poſition 
of any point, ſuppoſe B, be determined from any known diſtances 
thereof from the three before-mentioned planes, its poſition or place 
on the picture may from thence be eaſily obtained: thus, draw BC 
perpendicular to the vertical plane M F, and CG perpendicular to 
the horizontal plane L B, then will thoſe lines meaſure the diſtances 
of the point B from the ſaid two planes ; then, drawing BE, CE, 
G E, the figure BCG E will be a triangular pyramid, having the 
plane of its baſe perpendicular to the vertical plane, and parallel to 
the ſection beg, made by the plane of the picture OP; now, 
ſeeing the line Cc expreſſes the diſtance of the ſaid plane of the 
baſe from the picture, it is alſo the diſtance between the picture 
and the point B; and, becauſe the two pyramids BCG E, beg E, 
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| COROLLARY. | | 

Hence it appears, that as the diſtance between 'the eye and any 
original object is to the diftance of the eye from the picture, ſo is 
the diſtance of the ſaid object, from the horizontal plane, to the 
diſtance of its image on the picture from the horizontal line. Alſo; 
as the diſtance between the eye and the original object is to the 
diſtance between the eye and the picture, ſo is the 'diſtance of that 
object, from the vertical plane, to the diſtance of its image on the 
picture from the vertical line, &c. And if the original plane be be- 
tween the eye and the picture; thus, ſuppoſe now the plane 8 T to 
be the picture, and OP the original plane, then making the dif- 
ference between E C and Ec, the firſt term of the proportions, the 
reſt will be the fame as in the two preceeding analogies. 


OF THE DIFFERENCE BETWEEN THE TWO WAYS OF 
CONSIDERING AND APPLYING PLANES, AS USED IN 
THE OLD AND NEW METHOD OF PERSPECTIVE. 
Becauſe the poſition, in which the picture is moſt frequently con- 

ſidered by painters, when not concerned with works to be exhibited 

on cielings, &c. is that of being ſituated perpendicular to the ground 
or plane of the horizon, it has occaſioned the horizontal plane or 
ground itſelf to be conſidered as the principal, and oftentimes as 
the only plane neceſſary to be referred to; thus we ſee the horizon- 
tal plane called the geometrical plane, ground, floor or pavement, 

&c. and the line, in which the picture interſects the ſaid plane, 

when thus conſidered, called the ground line; now, when the 

ground and picture are perpendicular to each other, what we call 
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the vaniſhing line of the ground will then paſs through the center 
of the picture, (theorem IX. part II.) and the center of the picture 
will, in this caſe, be the center of that vaniſhing line, (def. XIX.) 
This vaniſhing line the writers on the old perſpective call the hori- 
zontal line, as being the apparent boundary of the viſible horizon 
conſidered as a level plane, as was before obſerved in the ſcholium 
to theorem IX. part II. Now, ſeeing the poſitions of objects, 
whoſe perſpective repreſentations are required, are many of them 
placed on the ground, and elevated perpendicular thereto, as the 
front and ſides of buildings, &c. ſuch objects may therefore be con- 
ceived, as being in planes perpendicular to the ground; whence the 
vaniſhing lines of thoſe planes will, in ſuch caſes, be perpendicular 
to the line thus denominated the horizontal line, and the center of 
thoſe vaniſhing lines will alſo be in the ſaid horizontal line. (cor. I. 
theorem XVII. part II.) When the picture, as thus conſidered, is 
ſo ſituated with reſpect to the original objects, as that they have one 


line or ſide thereof, as the front of a building, &c. parallel thereto; 


and the other lines or ſides thereof, as the fide fronts, &c. perpen- 
dicular to the picture; then the vaniſhing lines of thoſe ſide fronts, 
as well as the horizontal line, will paſs through the center of the 
picture, which center will be the common center of both thoſe 
vaniſhing lines, (cor. II. theorem XVII. part II.) and the vaniſhing 
point of the common interſection which ſuch planes make with the 


ground, as well as that of all other lines, in any of thoſe planes, 
parallel to their interſection with the ground, will alſo be in the 
center of the picture (cor. I. of the ſame); whence it appears, that 


the center of the picture is of conſiderable uſe in determining repre- 


ſentations on the picture, when thus ſituated with reſpect to the 


original plane, and is therefore called the principal point, or point 
of ſight; but, in the method we eſpouſe and with te recommend, 
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the point of fight is that which is deſcribed in def. IV. part II. 
and the axis of the eye being the line which produces the va- 
niſhing point of all planes perpendicular to the picture, it is 
therefore the line which produces the vaniſhing point of all thoſe 
planes which moſt frequently occur in this fituation of the pic- 
ture; whence it is called the principal ray, and the length of this 
line being ſet off from the principal point, both ways upon the ho- 
tizontal line, will give two points, called the points of 'diftance: 
Now, in this particular ſituation of the picture, with reſpect to the 
original objects, the principal rays being either perpendicular or pa- 
rallel to the ground or to the picture; they will therefore make the 
ſame angle with the ground line, as the original lines themſelves 
make with the ground, (cor. IV. theorem IV. part II.) and thoſe 
lines which are parallel to the ground, but not to the picture, will 
have their vaniſhing points in the horizontal line. (cor. IV. the- 
orem IX. part II.) Now, when theſe points fall beſide the princi- 
pal point, they call them accidental points in the horizontal line; 
and when it is required to find the repreſentations of lines, which 
are neither parallel nor perpendicular to the picture, nor to the 
ground, they generally ſeek their images, by having recourſe to the 
ſeats which ſuch lines have on the ground, for thereto they moſt 
commonly refer all ſuch lines as do not come within the reach of the 
above deſcription, without enquiring after their vaniſhing points, or 
the lines which ſhould produce them. But theſe principles are too 
confined for general uſe, and can ſerve only in this particular cir- 
cumſtance, of conſidering the picture as being perpendicular to the 
ground; whereas the practice of this art requires that any other 
plane, and not the ground only, may be taken as an original plane, 
and the picture may have other ſituations with reſpect to the ground, 
or the original objects, ſuch as being parallel thereto, inclining to, 
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or reclining from the ſame, &c. for the parts of a building, as roofs, 
&c. are not always either parallel or perpendicular thereto; and there 
are alſo caſes which render it neceſſary to conſider, | in the ſame 
picture, ſeveral different original planes, each having its own inter- 


ſecting, , vaniſhing, and the ſeveral other lines and points peculiar 


thereto, by means whereof many operations are eaſily, performed, 


which would otherwiſe be extremely tedious and difficult, if not, in 


ſome caſes, impracticable; but, that we may candidly favour this old 
ſyſtem of Perſpective, as far as propriety will permit, will allow the 
horizontal line and ground line to be proper terms for expreſſing the 
vaniſhing and interſecting lines of the ground, when that is taken for 
the original plane, but think it abſurd to give theſe appellations to any 
other plane than the ground ; for the original plane may be ſuch, that 
the vaniſhing line thereof ſhall interſe& the picture either in, above or 
below the horizontal line, or it may be that it croſs or interſect the 
ſame, as may be thus exemplified. 


PLATE VI. Fig. 7. | 
Bring A to coincide with A, make the planes GP, SL, paſs 
through each other in the line TR; make K, in the plane K L, 


coincide with K in the plane KA or K B, paſs the plane FM through 


the plane K L, in the line VM, and paſs the plane M H through the 
plane 8 L, in the line HL. Now, let the plane GP repreſent an 
original plane, inclining to the picture 8 L; let the plane FM be con- 
Gdered as an horizontal plane, paſſing through the eye at E, and in- 
terſecting the picture in the line FN, then is the line FN the horizontal 
line: let now a plane, as MH, paſs through the eye, and be parallel 
to the ſaid original plane G P, cutting the picture in the line HL, 
then is the plane MH the vaniſhing plane of the original GP, (def. VIII. 
: | 48988 
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part II.) and HL the vaniſhing line of the ſame, (def. XI. part II.) 
conſequently the vaniſhing line falls above the horizontal line in this 
caſe ; and if the original plane had declined from the picture the 
contrary way, the vaniſhing line thereof would then have cut the 
picture in a line below the horizontal line, as is eaſy to conceive 
from what has been here ſhewn, and when the original plane meets 
the picture at right angles, the horizontal and vaniſhing lines thereof 
coincide, or fall together in one and the ſame line only ; ſuppoſing, 
as is here done, that one fide of the original be parallel to the pic- 
ture, for, if all the ſides thereof are oblique thereto, its vaniſhing 
and horizontal lines will then interſe& each other, as was ſhewn in 
theorem XVII. part II. the vaniſhing line H L in that figure be- 
ing now the horizontal line. | 

The ſeveral efforts, excluſive of the laſt, which have "A made 
in oppoſition to the endeavours uſed for conveying and eſtabliſhing 
a general knowledge and uſe of this new method of Perſpective will, 
J hope, ſufficiently juſtify me in this attempt, to ſhew the truth and 
- univerſality thereof ; and thus endeavouring to ſet learners right in 
their firſt notions of the different methods here alluded to, by warn- 
ing them of the defects under which this art will labour, when diſ- 
robed of the improvements added to it, by conſidering the poſitions 
of planes i in a general view, and thence making the neceſſary practical 
applications ſuitable for obtaining the advantages it offers to us. 


oF THE POSITION OF THE. PICTURE WITH RE- 
_ SPECT TO THE ORIGINAL OBJECTS. 
Although the picture may have any poſition with reſpect to the 
objects which are to be repreſented thereon; yet, in order that it 
may ſhew an agreeable and natural repreſentation of the things de- 
fecribed, it ſhould be ſo placed, that the ſeveral objects may appear 
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in their natural ſituation, that is, ſuch objects as would really WL ſeen 
by rays parallel to the horizon, or by rays inclining upwards above 
the ſame, or by others declining downwards: below it, may appear 
on the picture by rays in ſimilar correſpondent poſitions ; for the 
ground or plane of the horizon being the natural or apparent ſeat of 
all viſible objects, whether terreſtrial or celeſtial, the mind judging 
them to be higher or lower, according as they are more or leſs ele- 
vated above it; the ſituation of all objects may and ought therefore 
to be referred to that plane, and have ſuch poſitions given them in 
reſpect thereto, as is agreeable and conſiſtent with their natural ap- 
pearance; wherefore the moſt proper diſtinctions, to be made of the 
different ſituations which may be given to the picture, ariſe from its 
poſition with reſpect to the ground or plane of the horizon, and are 
therefore three, perpendicular, parallel, or inclining. 


OF THE PERPENDICULAR POSITION. 
The perpendicular ſituation of the picture is beſt adapted for re- 
preſenting the ground itſelf, and the ſeveral objects which are erected 
thereupon; and this being a poſition which is parallel to the uſual 
poſture of the body of the ſpectator wherein the eye is moſt uſed to 
view original objects, it follows, that the repreſentations hereby 
formed on the picture, appear the moſt natural and agreeable to the 
originals themſelves. In this poſition the ichnography of the deſign 
on the ground is conſidered as deſcribed on a plane perpendicular to, 
the picture, the vaniſhing line whereof paſſes through the center of 
the picture, (theorem X. part II.) and is parallel to the horizon, 
and alſo repreſents the ſame, is therefore, in this caſe, called the 
horizontal line; the elevations of upright objects are conſidered as. 
being in planes perpendicular to the ground, which ſaid planes may. | 
be either: perpendicular, parallel or oblique to the picture, but their 
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vaniſhing lines are always perpendicular to the horizontal line, 
(cor. II. theorem XVII. part II.) and all lines, which meaſure the 
perpendicular altitudes of objects, thus ſituated above the ground, 
are parallel to the picture; but it muſt be here obſerved, that the 
ground, deſcribed in the picture, is ſuppoſed to be level or truly ho- 
rizontal ; for, if the ground have aſcent or deſcent, the picture con- 
tinuing perpendicular to the horizon, the vaniſhing line of the 
ground will not, in either of thoſe circumſtances, coincide with the 
horizontal line, but will interſe& the picture either above or below 
the ſame, according as the ground is elevated or depreſſed ; but, 
nevertheleſs, the lines, which meaſure the perpendicular heights of 
the original objects, will yet be parallel to the picture, as being 
perpendicular to the horizon, and they, with reſpect to the ground, 

will repreſent the oblique ſupports of the ſeveral points above that 
inclining plane. 

The poſition of the picture here deſcribed is proper to landſcapes, 
views, buildings, hiſtorical pieces, and in general to all pictures 
where the ſpectator is ſuppoſed to ſtand on the ground, and having 
the axis of the eye directed parallel thereto, 


OF THE PARALLEL POSITION. 
Here are two caſes. 1. When the eye is between the ground 
and the picture. 2. When the picture is between the eye and the 
ground. 

In the firſt, the axis of the eye is ſuppoſed to be turned perpen- 
dicularly upwards, and conſequently the ground, being behind the 
eye with reſpe& to the picture, can not have any part thereof re- 
preſented on the picture; whence all kinds of terreſtrial objects are 
here excluded, excepting ſuch as may be ſuppoſed to aſcend above 
the plane of the picture, ſuch as the higher parts of mountains or 
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buildings, or ſuch other objects as may be conceived in the air, but 
all their uppermoſt ſurfaces muſt neceſſarily n concealed from the 
eye. 4129 

Pictures or paintings on flat cielings are of this kind, and thoſe on 
cupolas or arched roofs may be reduced hereto, they all agreeing 
with reſpect to the particular kind of objects proper to be deſcribed 
thereon. A neglect in giving due attention to this particular eir- 
cumſtance, has rendered ſeveral performances of this ſort diſagreeable 
and unnatural; but a judicious painter will forbear to repreſent on 
à picture, in this ſituation, the ſea, ground, part of the floor of a 
building, or the upper faces of ſteps, &c. notwithſtanding examples 
of ſuch inconſiſtencies are to be met with. 

In the ſecond caſe, the eye is ſuppoſed to be at ſome height 
above the picture, and its axis turned perpendicularly down- 
wards; in this circumſtance no part of the ſky can appear, nor any 

other thing but what can be ſuppoſed to lie either upon the ground, 
or between it and the picture, ſuch as the pavement or floor of a 
building, the plan of a garden, &c. and thoſe parts of the building, 
or ſuch other things which, ſtanding upon the ground, do not reach 
up to the picture; whence this ſituation of the picture is the moſt 
confined of any, and ſeldom uſed but out of curioſity, as on the 
floor or pavement of a church or dome, which, by an artful diſpo- 
ſition of materials differently coloured, may be made to repreſent 
objects proper to that ſituation, or even the reflected image of the 
building itſelf, as appearing in a looking glaſs, or ſtagnant water, to 
an eye viewing it from ſome convenient place, as a 29 8 &c. at 
the top or upper part of the building. 

In both the caſes here mentioned, the ichnography of the objects 
on the ground is deſcribed as on a plane parallel to the picture, and 
is therefore ſimilar to its original; the planes of the elevations, and 
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the lines, which meaſure the perpendicular altitudes of the objects 
above the ground, are perpendicular to the picture; wherefore the 
vaniſhing lines of thoſe planes paſs through the center of the pic- 
ture, which center is the vaniſhing point of all the ſaid lines of al- 
titude ;- now, ſeeing the ground can not interſect the picture in ei- 
ther of thoſe two caſes, it is not proper to be uſed as the principal 
original plane, there being no horizontal line in thoſe caſes, . but any 
of the upright ſides of the building deſigned to be repreſented, or 
any other ſubſtituted plane perpendicular to the picture, may be uſed 


for that purpoſe, and the objects required to be repreſented may be 
thereto-referred. | 285 


OF THE INCLINING POSITION. 

The various inclinations, under which the picture may be placed 
with reſpe& to the plane of the horizon, are innumerable, which 
will have correſponding effects on the place of the horizontal line 
and the vaniſhing point of the perpendiculars to that plane; as to 
the kind of objects proper to be repreſented on a picture of this ſort, 
they are to be determined from what has been delivered concerning 
the two poſitions before mentioned, and will differ according as the 
inclination of the propoſed picture approaches nearer to one or to the 
other of them; but theſe oblique poſitions are ſeldom practiſed, ex- 
cept neceſſity obliges it, from the particular poſition of the wall ar 
Place in which the picture is to be painted. or placed. 


21 SCHOLIUM. 
Let the poſition of the picture be what it will, if it be ſuch that 
the horizontal line can appear therein, it ought, in ſtrictneſs, to be 
ſo placed as that the eye, when in the true point of ſight, may be 
on a level with that line; for then all the repreſentations, formed 
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on the picture, will appear as being in their true and natural poſi- 
tions. This may, however, be diſpenſed with, in ſome meaſure; 
for if a picture be drawn, by ſuppoſing it perpendicular to the ho- 
rizon, and it ſhould be neceſſary to place it ſo high, that the axis of 
the eye can not reach up to a level with the horizontal line, then 
the true appearance which the picture ought to exhibit may be pre- 
ſerved, by inclining the picture forwards, ſo that a line may be 
drawn or conceived to iſſue from the eye perpendicularly thereto, 
and meeting the ſame in the center; for, although the ground re- 
preſented in the picture does not then appear parallel to the horizon, 
but as riſing upwards, yet the ſpectator, in viewing and conſidering 
the repreſentations according to the relations which they have one 
to the other, without referring to their true poſitions, or his own 
real poſture, with reſpect to other objects which are out of the pic- 
ture, will readily paſs over the defect of this deviation from the true 
poſition, ſo long as the whole picture is every where conſiſtent with 
itſelf; and the picture being in this ſituation will, in ſome ſort, ex- 
hibit a reſemblance of the appearances which the like objects would 
ſhew, if reflected by a well- poliſhed plane mirror, or common 
looking-glaſs, placed inclining to the horizon, which makes the 
reflected ground appear as being elevated or depreſſed with reſpect 
to the real ground; but the reflections of all other objects preſerve 
the ſame relations with reſpect to the reflected ground, which the 
real objects have to the ground itſelf : for, let the ſpectator but only 
imagine that he ſtands perpendicular to this reflected ground plane, 
and then all will appear as having a natural ſituation with reſpect to 
the ground on which they are ſuppoſed to be placed. | 2011-95 

But let it be obſerved, that this liberty be not uſed too freely 3 it 
is allowable only to detached. pieces, which are to be placed where 
conveniency ſuits; for, ſuch as are expreſsly deſigned for a certain 
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fixed ſituation, as a wall, cieling, &c. do not admit of this variation 
from the true poſition by reaſon ſuch pieces have generally a more 
immediate relation to the reſt of the building itſelf. Suppoſe, for 
example; that a picture, deſigned for a poſition which is perpendi- 
<ular to the horizon, were placed in one that is parallel thereto; as 
2 cieling. &c. the ſpeQator will not then be able to "conceive it as 
exhibiting repreſentations of objects according to their natural ap- 
pearance, without imagining himſelf to be ſtanding erect on a plane 
which appears perpendicular to the horizon, a conception which re- 
quires ſuch a force of imagination as is not eaſily acquired, never- 
theleſs, we have ſome examples which render this extraordinary ef- 
fort of the mind abſolutely u before the picture can geg 
have its due — 

OF THE DISTANCE OF THE EYE PROM 

THE PICTURE. 

From what has been advanced on the nature of ſtereographical 
projections, it is manifeſt that the repreſentations, formed on the 
picture, can not appear to the ſpectator exactly as they ought to do, 
if the eye be not in the true point of ſight; whence it is evident 
that they ſhould, in ſtrictneſs, be always viewed from that point; 
therefore a true determination of the poſition of the eye is ſuch an 
eſſential requiſite in this art, that no examples or authority whatever 
ſhould induce us to diſregard it, or be too careleſs about the choice 
of it. 

In a room or place that is bounded on all fides, whatever be the 
poſition of the picture, ſuch a diſtance muſt be taken for the eye as 
is within reach; thus, ſuppoſe the picture were to be on the cieling, 
the diſtance is then determined by the height of the room, deduct- 
ing therefrom the height of the ſpectator's eye from the floor; but, 
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when the place is not thus circumſcribed, the artiſt is more at liberty 
to make ſuch a choice for this diſtance as ſhall be moſt ſuitable to 
the grand deſign. of making the objects appear tb the beſt advan- 
tage, and in their natural ſituations. Now, when the picture is in 
a perpendicular pofition, the artiſt has generally the greateſt room 
for. exerciſing himſelf in making his choice of a proper diſtance to 
work from; let us therefore briefly enquire into the effects which 
are produeed from different diſtances of a picture in this poſition, 
for, what we ſhall learn from hence, may be cafily applied to any 
other poſition of the picture whatever. In this enquiry I fuppoſe 
the height of the eye to be given or taken at pleaſure, and remaining 
conſtantly the ſame. The eye thus abſtractedly conſidered, being 
placed at different diſtances from the picture, will produce correſ- 
pondent changes in the ichnography and orthography of the original 
objects; for the ichnography thereof will be affected either with re- 
ſpect to the quantity of the whole ſpace which it contains, or the 
proportions of that ſpace taken up by its different parts, according 
as they are nearer to or farther from the picture, and alſo as to the 
apparent breadths of thoſe parts. Now here are two things which 
ought to be carefully guarded againſt : firſt, that the apparent de- 
ereaſe of equal parts in the ichnography may not be too ſudden, as 


they become more remote. Secondly, that ſuch remote parts as are 


to be diſtinctly expreſſed, may not approach too near the vaniſhing 
or horizontal line; for if they do, their images will be too ſmall, 
and too much crouded. together, both which contribute to render 
them indiſtinct, and the picture will be thereby defective; which 
imperfections are avoided by making a right choice for the * of 
che eye, or the diſtance thereof from tlie * 


B b 
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n the image of any point given in an original 
'phane;” and the vaniſhing lines of chat plane, is to the vertical line 
therebf, or to the difector, as the line which produces the vaniſhing 
point of a line drawn in the original plane through the ſaid given 
rr is to the diſtance ate my * * and the ditecting Line. 
| 1 1077 401 - 01225, ant al einig 

ILLUSTRATION. Plate XI. Fig. 132. 
Bring D, in the plane D B, to coincide with D in the plane NB; 
make 8, in the plane 8 H, coincide with 8 in the plane NB; make 
the plane QB paſs through the plane 8 II in the line F G and paſs 
the plane Q Z through the plane 8 H, in the line line HI. 
Let A be the point given in the original plane N B; through the 
ſame draw the line AB parallel to the interſecting line SI; let 
QZ be the vaniſhing plane of the original plane NB; from the di- 
recting point D to any point, as K, in the line A B, draw the line 
þ + and parallel thereto, from the point of ſight, draw the line 
C; then is C the vaniſhing point of the line DK, and E C its 
diſtance, P C the vertical line, E D the director, MN the directing 
line, &c. draw alſo the lines E A, E B, EK : now A B, being pa- 
rallel to 8 I, its image a b is alſo parallel to S I; and K being a point 
in the line A B, and k the image thereof, the line a b is that which 
muſt contain the image of A, as has been before ſhewn; but the 
diſtance of a, from the vaniſhing line H L, being equal to k C, and 
the diſtance of A from MN is equal to D K, becauſe E C and PC 
remain conſtantly the ſame, it follows, that in what point ſoever of 
A B che point A be taken, the diſtance between the image of that 
point and the vaniſhing line will be to PC as E C is to the itunes 

between n * _ and LINE Wan line. 1 397 bis 
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C O R:O LL LiA RY,; 
The abe be wer the ĩmage of; any. point 2 
and the vaniſhing line remains, the ſame! whereyer the point of, ſight 


be taken in the parallel of the eye; for AB, ab and X Q being all 


in the ſame plane, a line drawn from any point in X Qto any point 
in A B. muſt cut the picture ſomewhere, in the line F G, and all 
points in that line are 5 8 diſtant from the vaniſhing line HL. 
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„I. the height of the eye be increaſed or diminiſhed, the eye wie 
in the ſame directing; plane, the diſtance between the image of an 
original point and the vaniſhing line. will be increaſed or diminiſhed 
in the ſame proportion. 


COROLLARY: III. | 

IH the height of the eye remain conſtantly the Gans, and * di- 
ane thereof be varied, the diſtance of the i — from the vaniſh- 
ing line will Have n 
L E M M. A. IE; e 
The difference between the image of a nearer part fun original 
line and the image of the part next beyond it, is greater than the 
difference between this laſt image and that of the next ſucceeding 
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part, and ſo on of others. 4 557 meal mv +30 ae ib 
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PLATE VIII. Mig @- he nnn 
For, let O be the point of ſight, the parts A K, K G, G Y, bin 
equal,.qn:nm::DG:D A, by cor. III. theorem XIX. 
and for the ſame reaſon am: my: : DY: DKK... 
alſoqgn—nm:nm:: DG - DAS AG: DA, 
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ger NIV N * DVDR KI AG: DK. 
But, $2.0; greatgr-iu proportion. 10 DA than it is to D K. therefore 
annum is ela greater. i in proportion to n m than nm m y is 
to my and nm being greater than my, therefore is e 
much the more es than nm — m 1 


G DD ed ct a 
The more remote that the equal parts of the original line are from 
the directing point, the nearer do the images of thoſe parts approach 
to an equality, by reaſon their differences are Ain e 


* *. 
42 T% 2 27 1 


COROLLARY I 1 

The greater the diſtance of the eye, the more newly ooual Fe oaks 
images become of any two adjacent parts of the original line. 
For, ſuppoſe the eye removed from O to E, then, becauſe A K 
and K G are equal, the image of AK is to that of K G from the 
point of ſight O, as NG to N A, and, from the point of fight E, 
they are as DG to DA; but DG is leſs in compariſon to D A, than 
N G is to NA; therefore the image of A K is leſs in proportion to 
that of K G, from the point E, than it is from the point O; but 
ak, k g, the images of AK and K G, are in the ſame ratio one to 
the other wherever the eye be placed in the ſame directing 1 
therefore, whether the eye be placed at E, or any where ele, in 
plane paſſing through E parallel to the picture, the images of Ak, 

KG, ſeen from thence, will be nearer equal to each other than 
they would | be if formed: by viewing them from O. 
but 1 9 And ff 
8 COROLLARY ml, 4:31; 

I. from the inte hing point F of any line FV, foveral difdances, 
FA, AK, K G, GY, &e. be taken, each equal. to N F, the 
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point N being the directing point, q C, n C, m ©, yo the i images 
of thoſe parts, will be in en to ON, or FC, as the follows 
ing fractions, 3, 3, 2, 3, 4 &c. and the images of the parts them- . 1 
ſelves will be as 4, 4, Fr, i, Le, &c. of FC, the differences of the ||| 
denominators of each of theſe laſt fractions increafing from o in this 1 
ſeries 2, 4, 6, 8, 10, &c. . Il. 
In the fimilar triangles ONA, qFA, FROM we 1 


| 

tit is NA:FA :: ON=FC: Fq, 1 
but NA 2 F A by hypotheſis; whence FC=2Fq, 1 
conſequently Fq=qC=z FC. | li 


aids in the fimilar triangles ONK, nFK, we have ll 
NK:FK::ON=FC:nF, Il 
but FK NK; „ ee | 1 
conſequently n C FC, | 

and in the ſame manner it t may be proved, that m C1 is à F C, and 
y C=3FC. | 'q 
Now, if we call FC i, gc = C=, mC , yC , | 0 

the image n q, which is the difference between ꝗ C and n C, will be 
5 nm, my = e, &c. the difference of the denominators of 
which fractions increaſe from o in the ſeries 2, 4, 6, 8, &c. 
Suppoſe now the parallelogram 8 to repreſent part of the ichno- | 
graphy of the original deſign, ſubdivided into ſmaller ones as in the 
figure, N F being choſen for the ſpectator's line of ſtation, which l 
determines the poſition of the ichnography with reſpe& to the pic- 1 
ture; take any height at pleaſure, as NO, for the height of the eye, | 
fuppoſed now in O, and CO its diſtance from the picture; then, if "ll 
the images q, n, m, y, of the points or diviſions A, K, G, V, and | 
conſequently the diſtances of the images of the croſs diviſions of the | | 
ichnography, paſſing through thoſe points, ſhall appear too unequal, 
or fall off too ſuddenly ; or that y, the image of V, the moſt remote | 
| Co 1 
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diviſion, appeers:tpoſanup:ivothqipittiresior) too bene the vaniſhing 
Ppint Saiths foult H bee emed Dyfinlatying thendiſtance of tire 
£642 nd fixing: itam ſome other pointiof the line EQ produced, 
ſupppſe at E, &e. Now. when CO the diſtance of. the eye, is 
taken, equal to A, the diſtance of the firſt diviſion from the pic- 
tures, the heights of the images: q, n, m, y, above the interſecting 
line; Will ber, Ip 29 +,'\&c.:of-F C, the depth of -the.original plane, 
their. reſpective diſtances from the vaniſhing line being z A Ko. 
of that depth, and the images of the parts: FH, A K, K G, G V, &c. 
will be 2, 4, ve, ve, &c. of that fame depth; but if, at this diſtance 
of the eye, the parts near the picture oceupy thereon a greater ſpace 
than is agreeable with reſpect to what is poſſeſſed by the other more 
diſtant parts, or that the objects, ſituated between G and V, appear 
too ſmall and crouded, the diſtance of the eye may be taken equal 
to the two firſt parts FA and A K together, which will bring the 
images of the diviſions, next ſucceeding thoſe here mentioned, 
deyyn to the ſame points on the picture which they themſelves were 
in before; and thus may there be found ſuch a diſtance for the eye, 
as ſhall, make any point in the ichnography to appear at any propoſed 
height on the picture, within the limits of the depth of the original 
plane; but, if it were required to repreſent any particular part of 
the ichnography, ſuppoſe that between G and , ſuch as ſhall ve- 
cupy the greateſt ſpace in depth poſſible, the diſtance of the eye 
mult: then: be a mean proportional between the two parts F A and 
FE I for; at that diſtance, the ſpace A Y will occupy a larger field 
in depth than it would do at any other | diſtance of the eye in the 
line OO, produced either nearer to or farther from the picture: 
Hence it appears, that the diſtance of the eye is that Which prin- 
cipally commands the diſtance of the moſt. remote ground chat en 
be deſcribed with any tolerable diſtinctneſs; for, if the ground be- 
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yond the picture be divided: ĩntoiſpaces equal to hei ſtuncẽ off tile 
eye, the ſeats of lalh ſuch object as art contained i dhe Hint PA 
from the picture, can then :vocupy'no more than the:6fiemineritth 
part of the depth of the original plane, and tHe image of the etre. 
mity of that ſpace being but one · tenth part of that depth diftant 
from the vaniſhing line, that one- tenth part is therefore the whole 
Space that is leſt wherein all ſpaces beyond the ninth can poſſibly be 
repreſented on the picture, as appears from what has been premiſed, 
for Utes being now nine diviſions, the firſt fractions are 
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„nn the height of the * to be h _ and-its ae 0 
the picture 20 feet. 

Then the ſeats of al fach Mees as are e 160 a 1280 
* diſtance from the picture, can poſſeſs no more ſpace than one- 
ninetieth part of 5 feet, or two-thirds of an inch, and this reach- 
ing within 6 inches of the vaniſhing line, or, which is the ſame, 
the; tenth part of 5; feet, it follows, that the ſeats of all objects on 
the ground, from 180 feet to any aſſignable diſtance, muſt be con- 
fined within that 6 inches, ſo that, even at ſo great a diſtance of the 
eye as 20 feet, the ſeats of objects, 20 feet in depth at the Yiſtance 
of 60 or 70 yards, can be repreſented but imperfeMly; and all be- 
yond that diſtance will be faiut and confuſed; and, if the diſtance 
of the eye be leſſened, the ſpace which can be diſtinctly deſeribed 
wall be proportionably decreaſed. There is alſo another effect which 
the diſtance. of the eye produces upon the ichnography ; for, as by 
enlarging the diſtance the images of the ſeveral croſs diviſions are 
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bwer down t 
— 5 1422 25 27 
which we afore e, | "en cord; rect Ep to the picture, ap- 
peat e at the 1 time that thoſe, which meaſure their 
depths, | become ſhorter ; and, as the apparent breadths of obfects 


are ths. eneteaſed, fo ao are their apparent heights or Llevations 


thoſe heights being ſuppoſed parallel to the picture; fot that, ; open 


the whole, fuppofing the picture and original objects as retaining 
their poſition, if the diſtance of the eye be enlarged, their apparent 
breadths and heights, or thoſe fides thereof which are parallel to 
the picture, will be thereby enereaſed; but their depths will be di- 
miniſhed. Now, although we may, from what has been ſaid, ea- 
ſily find ſuch a diſtance for the eye as is ſuitable for repreſenting the 
objects i in the moſt advantageous tuation en the picture, ſo as that 
the remoteſt parts may not appear advaneed too near the horizon, 
nor their depths decreaſe too ſuddenly, but that a due and agreeable 
proportion between their apparent heights, breadths and depths may 
be preferved in the repreſentations formed on the picture, yet, let it 
be obſerved, that what has been advanced on this fubject, is to be 
underſtood as relating to a picture, formed from a ſcale, equal to 
the true meaſures of the original objects, that is, when the objects 

adjoining the picture are repreſented big as the life; but, as this ſcale 
may be contracted to any dimenſions at pleaſure, it follows, that A 
picture may be rendered eapable of repreſenting much greater diſ- 
tances than the. above-mentioned, and yet the diſtance of the true 


point & of fighit * be greatly leſſened, thus, 


their cir apparent 


No ” 


. T4; A'T E XI. Fig. 13. __ 
Make D, in the plane'D K Q, coincide with D in the plane N B, 
and paſs the plane 8 H through the fame; make B, in the plane 


aN F R, % 5 BN 
-B R, coincide with B in the amp B; then make the p la Fl 
Leen! throu: gh both the planes SH and BR. 701 c 199 a 
tb lei 5 MN rex preſent t ie ground | playe oh which t the jch- > 
nography of the nde objects i is pb to be ormed in its true 
dimenſions, and let A B be the interſection of the ground with the 
ſuppoſed p iture A BZ R, and conſequentiy the neareſt part of the 
SHUT pfo 4.30 poſed to be repreſented on the picture; now, if ÞKe or 
E ache genes of the eye neceſſary for tendering the repreſen- 
rations Tafficiently diſtin, and this be too great for the place where 
the Ficture is to be fixed, it muſt be drawn from a leſſer ſcale, 
hie ch may be thus determined.. q 
"Between the directing point D — the interſefting line A B draw 
in the original plane a line, as 8 I, parallel to A B, on that line erec 
a plane parallel to the plane or picture AB R, and upon the plane 
thus erected find the perſpective repreſentation of the given plane, 
the eye being at E, which is here expreſſed by abz r; then, if ab bzr 
be taken for the picture, E C for the diſtance, and Ed for the height 
of the eye, and that the true meaſures of the objects to be repre- 
ſented be all reduced to the fame proportion as ab bears to AB, 
then all objects, deſcribed i in the picture a b 2 r. r, with thoſe propor- 
tional "meaſures with the laſt-mentioned diſtance and height of the 
eye, will be exactly Gmilar to a picture of the ſame objects, drawn 
on the plane A B Z R, according to their true ar real dimenſions, 
Having EO and E for the diſtance and beight of the eye, but as 
| much leſſer as is the proportion aſſigned between a b a and AB. Thul 
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4378 


may the ſcale, and conſequently the diſtance of the eye, educed 
to any convenient meaſure to ſuit the ſituation in hich de pi are 
is to be placed. 

The ſpace 3 and AB is entirely hid i in a this cafe 


thereof being to have a place on the Picture; and, a As 43575 


on 
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Interſbering line df! the: greund dn heb che true meaſures of the 
object Ahold: Be ek M Ahat were Mie place df thie picture; 1D 
b, being the repreſtn tm of AB; is therefore ta be cnfidered 4s 
the interſecting line ef the picture a br, on which the proportional 
meafures muſt be uſed decording to the diminiſhed fene. If the 
picture a br were continued down to S8 I, its interſecting line wih 
the 6tiginal plane, the repreſentatibn of the ſpace 'betwitew g T and 
v'b will fall between 81 and a b, and the objects ſituated in that 
ſpace may be deſcribed either by ſetting off their true meaſutes on 
S Las the interſecting line, or by their proportional meaſures on a b 
ae cording to the diminiſhed ſcale; for Whether the dne or the other 
-of theſe meaſures be uſed on thoſe reſpective lines; ſuch parts 6fi the 
tepreſentation as come within a br will, in either caſe; be the 
ſame; and thus may a picture be formed that ſhall repreſent a very 
large and extenſive proſpect, the eye being at 4 moderate diſtance 
only, by eonſidering the picture a b ras a window in a fecond or 
third floor, and > the fpeRator as viewing the objects through the 
lame; ſor, in proportion to the height of a b above the ground, and 
the diſtance E C taken for the eye, the vifible interſecting line AB 

of the ground, Where the deſcription begins, may be removed to 
any required diſtanze, which will have a correſponding effect on the 
ſpace which is poſſible to be repreſented diſtinctly. As the picturtz 

a bz r is a kind of miniature repreſentation of the picture A B Z R, 
the neareſt objects which are repreſented thereon muſt be leſs than 
the life, !2liey; being ſuppoſed equal to the life at A B: but, if ob- 

Jjects wete repreſented according to their real dimenſions on the plane 
a big, and thence projected upon the plane AB Z R, they would 
there appeat bigger than the life, which is proper to be done when 
the. diſtance of the eye is nedeſſarily very great, as in the caſe of pics 
tures formed on the cieling of à church, &c. where the height ic 
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very great, and the picture ideſignedꝭ ta exhibit the raꝑte ſentationg as 
being nearer than they real are. high it wallde, if te this circum 
ſtance be added proper and ſufficent ſtrength of oaloufi fart that Aſo 
vught now te be enereaſed beyond chat of real nature, in order to pro- 
duce the effect here mentioned. In ſhart, if thexepreſentations be form- 
ed from a ſaale leſs, equal to, or greater than: the real dimenſions of 
the qriginsl objects, they will accordingly appear to the ſpectator as 
being farther from, at an equal diſtance, or nearer than they really 
are when duly coloured according to thoſe ſeveral different circum- 
ſtances: but, notwithſtanding this, it is not neceſſary, in miniature 
paintings, to deſeribe the figures in that faintneſs of colour with 
which the, ofiginals would really appear when ſo far diſtant: as re- 
duces them apparently to ſuch a ſize, by means of the angle under 
which the viſual rays do then exhibit them, for a greater diſtinction 
of parts and vivacity of colour may be here allowed, taking care only 
that a due diminution be obſerved amongſt the ſeveral objects repre- 
ſented on the picture with reſpect one to the other; for a picture 
thus drawn may {till be looked upon as ſuch a repreſentation of the 
objects as would be produced by viewing them through, a concave 
glaſs, which. lefens their; apparent magnitudes, but does not take 
away the diſtinction of their parts nor their ſtren _ of colour in ſa 
great a . | 
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It appears, from what has been ſhewn, that the height! of the oy 
determines the depth of the original plane, and-is; always equal 
thereto, conſequently is that which gives bounds to the, ſpace which 
muſt contain the ichnography of all objects on the original plane 
that can be repreſented. on the picture; that the image of a: line, vin 


a plane parallel to the picture, is of the ſame length Wherever the 
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eye be placed in the dirctting plane ; therefore the elevating or de- 
preſſing the point of ſight will produce no difference in the apparent 
heights and breadths of objects, or ſuch of their dimenſions as arc 
parallel to the picture, for they remain of the ſame length, let the 
Height of the eye be what it will, fo long as its diſtance from the 
picture remains the ſame ; alſo, that the images of any determinate 
parts of an original line, which inclines to the picture, will have the 
"ſame ratio to each other at all different Nations of the eye taken ih 
the directing plane, and therefore the altering its height, without 
changing its diſtance, can have no influence on the apparent decreaſe 
of the equal parts of the lines which meaſure the depths or diftances 
of the objects, by reaſon they have ſtill the fame proportion one to 
another, let the height of the eye be what it will, and are effected 
only as to their being greater or leſs in proportion to the _—_— 
which is given to the eye. 


D E F 1 N 1 T I O N. ; 

A line or meaſure, taken upon any line parallel to the inerſeQing 
line, having the ſame ratio to a given original line as any determi- 
nate part of that parallel bears to its original, is called the PRoOR- 
"TIONAL MEASURE Of the original line on that parallel. Fr 


| FE ww. 3. af | 
Tf any determinate part of the indefinite image of an original line 
inclining to the picture be taken, and a proportional meaſure thereof 
be found upon a line, drawn parallel to the interſecting line, through 
that extreme thereof which is neareſt the interſecting line, it will be 
as the complement of the propoſed image is either equal, greater or 
leſs than the line producing its vaniſhing point, ſo will the aſſumed 


. 
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part of that image be enn egbal. reger, r Jeſs, than, its 
proportional en wn deuter n tight Yo 1niog ads W 
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Let D k. ha ſuppoſed the indefinite image of an original line in- 
cliving.to.the. picture, and fuppoſe the line producing its vaniſhing 
Point to ſbe equal to H K; let g m be the determinate part, and gf 
its propagtional meaſure taken on a line parallel to the interſecting 
line, and paſſing through g. its neareſt extreme to that line; then, if 
m K, the complement of the aſſumed part, be equal to, greater, or 
leſs, than HK, g m will he. accordingly equal, r. i leſs than 
1 weakue gf , 4 44s 14; 548 805 10 

Fot ſeeing the triangles HK m. mak. are firpilar, it will be 
| „EmK; KH:: gm: gf 
— if m K be equal to K H. or whether it be greater: or leſſer, 
the ESSE with es — 


PLATE vul. Fig. een 
A now ON the height of the eye, to be taken ſo erage in 
: reſpect of its diſtance; OC, that the image q n of any part of an origi- 
nal and inclining line ſhall fall at a greater diſtance from its vaniſhing 
point, ſuppoſe C, than the length of the line O C which produces 
its vaniſhing point, then will the image n q be greater than the pro- 
portional meaſure. of its correſponding. original line, when meaſured 
on a line parallel to the picture paſſing through its neareſt extre- 
mity ; but, as it muſt ſeem unnatural that the image of a line, in⸗ 
clining to the picture, ſhould: appear equal to or greater than the 
image of a line, of the fame length, parallel to the picture, and op- 
paſed direciy to che eye. at 4 diſtance ng greater than the neareſt 
extremity of the ſaid inclining line, ſuch an appearance muſt needs 

_ 
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be deformed and diſagreeable, it ought therefore to be avoided, 
which it may, by taking ſuch a height for the eye, that the inde- 
finite image of any line in the original plane ſhall not be longer 
than the line which produces the vaniſhing point of that line, for 
then, whatever part -of the original comes to be deſcribed within 
thoſe bounds, its image will always be leſs than its proportional 
meaſure ; whence it plainly appears, that the height of the eye has 
an immediate dependance on its diſtance, which it ought neither to 
equal nor exceed, but may be leſs at pleaſure, according to the na- 
ture of the deſign, and deſire of the artiſt for obtaining more or leſs 
room for the depths of his objects, ſo as ſhall procure an agreeable 
proportion between their ichnography and elevations. Nor is the 
place'of the eye always to be conſidered as being the ſame with that 
of a ſpeQator ſtanding upon the original plane, for the eye may be 
conceived as placed on an eminence, at a conſiderable height above 
the original plane, ſuch as an hill, the upper part of a building, &c. 
as when objects, ſituated below, in low grounds, or valleys, &c. 
are to be iel. 


' PLATE XI. Fig. 13. 

Bring D, in the plane D A B, to coincide with D in the plane NB; 
make B, in the plane A Z, coincide with B in the plane NB; make 
the plane SH paſs through the plane DAB in the line FG, and 
make the plane QZ paſs through both the planes 8 H and A Z. 
Let now AB MN be the original plane containing the objects to 
be repreſented, A B the neareſt limits of the ground that is to be 
deſcribed,” then may the ſpectator be placed in d, or any other point 
of the line E D, provided that the picture can be ſo placed as that 
the eye, when thus proportionally raiſed, may be on a * with the 
gs line ZR. l | 134, 
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OF THE SIZE OP THE PICTURE. 
What has been premiſed with reſpect to limiting the greateſt 


height of the eye relates equally to the fize of the picture; for, in 


both, the principal inconvenience, neceſſary to be guarded againſt, 
is the exceſs of the image of any part of an original line above its 
Ns Sis meaſure. | 13: 01 


* - 
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108115 ö PLATE X. Fig. 12. 1 

han C be the center of the picture, E C the diſtance of the eye; 
Gat: ©, with the radius E C, deſcribe a circle; then if that circle, 
or any rectilinear figure, DF LP inſcribed therein, be made the 
bounds: of the picture, the image of no line whatever, which is per- 
pendicular to the picture, can, within thoſe limits, be extended far- 
ther than the radius, which is the diſtance of the eye from · the pio- 


ture, and therefore, when the principal lines of depth. contained in 


the deſign are perpendicular to the picture, its fize may be thus de- 
termined, | 

But, when the principal lines 1 depth incline to the picture, as 
buildings, having an oblique poſition, &c. then the vaniſhing points 
of the ichnography of their inclining ſides muſt be taken as centers, 
and, the reſpective diſtances of thoſe vaniſhing points as radii, and 
circles deſcribed: therewith, which, by their mutual interſections, 
will mark: out a ſpace, beyond which no part of the images of thoſe 
inclining ſides ought: to extend. | 

Thus, ſuppoſe. M, v, were the at points of thi 1 
of the ſides of a building, then taking thoſe: paints for centers with 


the diſtance VE or v E, draw the arcs E S e, E T e, interſacting caoh 


other in E and e, and. the ſpace. included: thereby wilt be that: in 
which the repreſentation. of the propoſud building ought? to be cans 
ſined. ; 1 
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Theſe rules are to be conſidered as more immediately relating to 
the Tepreſentation of pieces of architecture and animal figures, or ſuch 
dthet© objects as are of a certain known and determinate form, ſo as 

not to ſuffer their repreſentations to be projected too far diſtant from 
the center of the picture; for, as to ſuch other objects as have un- 
certain, variable and indeterminate forms, as clouds, bills, moun- 
tains, and ſuch like, a greater latitude is allowable : for, although | 
what has been before aſſerted, concerning the neceſſity of viewing a 
| picture from the exact point of ſight, be true, wherever that nt 
be taken, yet, if the diſtance of that point be too ſmall for the ſize 
bf the picture, the images of objects near the ſides thereof will be 
extended to great lengths, and take up more ſpace on the picture, 
than the objects themſelves would do if ſeen directly, and when a 
picture thus drawn is ſeen from a different point, the images of thoſe 
objects will appear deformed or diſtorted, and be diſagreeable to the 
eye; we ſhould therefore adapt the fize of the picture to the diſtance 
of the eye, ſo that none of the repreſentations may appear monſtrous. 
or unnatural, wherever the eye be placed to view it ; for, notwith- 
ſtanding that it be from the true point of ſight only that a picture 
can appear exactly as it ought to do, yet, when the diſtance of the 
eye is comparatively large with reſpect to the ſize of the picture, ſo 
that the greateſt dimenſion of the picture may be ſeen under an angle 
of ninety degrees or leſs, any little deviation of the eye from its true 
place will not have ſo ſenſible an effect on the appearance of the 
picture, as when the diſtance is ſmaller, or the picture of a greater 
extent; and ſeeing pictures are frequently, if not always, placed in 
ſuch poſitions, as that they may be viewed from different points ; 
they ought therefore to be ſo drawn that, in any of the points 
fronting them, they may appear as little diſagreeable to the eye as is 
poſſible, and if nothing contained in them appears remarkably de- 


5 
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formed, little variations from the ſtrict appearances which ther N 


imagination of the obſerver. 


OF THE CONSEQUENCES WHICH ATTEND THE 
VIEWING OF A PICTURE FROM ANY OTHER 
"THAN THE TRUE POINT OF SIGHT. 
| Tt has been before obſerved, that the repreſentations formed on the 

picture can not appear ſtrictly as they ought to do, if the ſpectator 

be not in the true point of ſight; and the great perfection of this 
art conſiſts in forming the picture ſuch, as ſhall excite in the mind of 
the obſerver the fame ſenſations as would ariſe therein, by ſeeing the 
real objects themſelves, which is not indeed to be expected barely 
from geometrical inveſtigations ; recourſe mnſt be had to the pain- 
ter's {kill in the art of colouring, for rendering the illuſions thus 
truly perfect: but, nevertheleſs, it is of the utmoft import- 
ance to determine rightly the poſitions which the ſeveral lines and 
points, terminating the original objects, mnſt have on the picture, 
ſo as to enable them, when duly coloured, to produce the effect 
wiſhed for by the artiſt; whence the arts of perſpective and colour- 
ing ſhould go hand in hand, and afford reciprocal aſſiſtance to each 
other. | | 

From whatever point it be that a picture is viewed, the repreſen- 
tations will appear as the images of objects correſponding to that 
poſition ; whence the ſame repreſentations may be made to allude, by, 
changing the place of the eye, to different originalobjects, conſequently 
can not be a true exhibition of the objects there depicted, whoſe real 
forms, magnitudes and poſitions ought to be invariably preſerved, as: 

ſeen from one certain point, that is to ſay, the true point of fight 3, 

now every different pofition of the eye produces correſponding altera- 

Ff 


to exhibit, will be readily excuſed, and the defect ſupplicd by me 
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tions in the apparent places and other affections of the originals, and 
| diſpoſes't the mind to judge of them differently from what they re- 
ally are in their natural ſtate; for different poſitions of the eye, 
taken in the line which is the parallel of the eye, belonging to the 
plane containing the original objects, will produce alterations of one 
fort, while others, taken in the eye's director, occaſion changes of 
another kind; and the placing the eye nearer to or farther from the 
picture than it ought to be, cauſes variations different from either, 
as we ſhall now endeavour to make appear, by a few n obſer- 
vations derived from what has been before delivered. | 

And firſt, let us ſuppoſe the eye of the ſpectator to be laced ie rome: 
wheres in the parallel of the eye out of the true point of ſight, then 
will the center of the vaniſhing line appear to be as far diſtant from 
the true center as is the ſuppoſed place of the eye from the true 
place, and on the fame ſide thereof ; but the vaniſhing line of the 
plane which belongs to that parallel of the eye, as alſo the height 
of the eye, will remain without alteration, and thoſe dimenſions of 
objects, which are parallel to the picture, will preſerve their true 
magnitudes and poſitions : if the original plane be horizontal, it will 
ſtill appear ſo ; the elevations of objects, ſituated thereon, will con- 
tinue to appear perpendicular to it, and the fame judgment will be 
paſſed on all lines in the ichnography which are parallel to the pie- 
ture, as would be done from the true point of ſight; but the angles, 
formed by lines which incline, the planes raiſed upon them, and the 
apparent meaſures of their ſeveral parts, will be different from what 
they really ſhould be. For the true center of the vaniſhing line is 
the vaniſhing point of the images of all lines in the ichnography 
which are perpendicular to the interſecting line, and when the ap- 
parent place thereof is changed, that true center then becomes the 
vaniſhing point of ſuch original lines as incline to the line of ſtation, 
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or line which determines the poſition of. the 8 ſo as to 
form therewith, an angle, whoſe, tangent i is the diſtance between the 
real and apparent centers, the diſtance of the eye being made radius, | 
and a correſpondent change will enſue in the appearance of all other | 
original lines, whoſe images tend to any other vaniſhing points, and 
conſequently in the apparent inclinations of any elevated planes, | 
| whoſe wal lines paſs through. thoſe point. 8 | 


| PLATE IX. Fig. 10. 
ok now the eye to be placed in e, and draw eV a 
to the yaniſhing line H L, then will V be the apparent center; for, 
in whateyer point the eye be placed, a line drawn. from thence per- l 
pendicular to the picture, the point wherein that line cuts it, will 
be judged-to be its center ; and x C, the whole image of an original 
line, perpendicular to the interſecting line, will appear as inclining | | 
to the line of ſtation, which is parallel to E C, under the angle | 
ve now, if e V or E-C be affumed the radius, then is.V C che | 
tangent of the ſaid angle Ve C. And if e Vor E C were the vaniſh- 
ing line of a plane paſſing through x C perpendicular to the picture 
and original plane, it will appear, from the ſtation e, as a plane | 
perpendicular indeed to the original plane, but it will ſeem as incli- | 
ning to the picture in the angle e CV: hence it is that a plane, 
which would appear perpendicular to the picture when ſeen by an 
eye at E, will, as the eye is removed in the line E X, ſeem to in- 
cline more and more towards the picture, and always the contrary 1 
way to that in which the eye is tranſlated from one place to the 
other; for inſtance, the plane ſeems to incline towards Z, as the eye 
moves from E towards X, and when the eye moves from E towards | 
Z, then it ſeems to incline in like manner towards 1 
| | 
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fabtend the tis viſual angle under which thoſe two points will ap- 
peat ; allo drawing the lihes e H, ch, they will ſubtend the angle 
undet which the ſane points will appear from the place or ſtation ez 
and conſequently all original lines tending to thoſe points will appeat 
t e, under the angle Heh, which will be equal, greater or leſs 
be the true angle, according where the points H and h happen to 
meet the vaniſhing line H L, with 8 to the real and Turku 
centers C and V. : 
For if, upon the line Hh, fach a ſegment of 2 circle be deſcribes 
on the vaniſhing plane, which, paſſing through E, contains the true 
viſyal angle H E h, (33. 4.) it is plain that, in whatever point of its 
circumference the eye be placed, the angle ſubtended by lines drawn 
from thenee to the points H and h, will appear the ſame ; therefore 
if the eye be at q, the point where it cuts the parallel of the eye, 
the apparent angle H q h will be equal to the true angle; but, if 
the eye be in or out of the eirele bounded thereby, the apparent 
angle will be accordingly greater or leſs than the true angle H E h. 
Now, as the line x © appears at the point e to incline to the pic= 
ture, the line e C becomes that which apparently produces its va- 
niſhing point ; and therefore, if x C be any how divided, ſuppoſe in 
the points n, e, &c. the apparent meaſures of the parts x n, n e, &c. 
will be increaſed or diminiſhed in the ſame proportion which the 
apparent line ec has to the tine line E C, which really produces 
the vaniſhing point of that line; ſo that, inſtead of repreſenting their 
true meaſures x1, IJ, from the place e, the mind will judge them 
as being equal t to x W., w I. And ſeeing that the apparent line, pro- 
ducing the vaniſhing point, may be equal, greater or leſs than the 
true one, according to the poſition which any vaniſhing point in the 
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line HL has to the apparent center V, excepting only the point 0, 
for the apparent line belonging thereto can never be leſs than E ©, 
it follows, that the images of the parts of any inclining original line 
may accordingly repreſent parts equal, greater or leſs than their true 
originals; but, notwithſtanding this, the perpendicular diſtance 
between the picture and the points n, c, &c. will appear true, ſo 
long as the eye continues in its parallel X Z. The ſame holds good 
alſo with reſpect to any elevated plane, whoſe vaniſhing line is E C, 
or a line parallel thereto; for, although its center is not varied while 
the eye moves in the line X Z, yet the line, which apparently deter- 
mines its vaniſhing point, becomes equal to e C, and as that is greater 
than the true one, a correſponding effe& will be thereby wrought 
on the apparent lines belonging to all other vaniſhing points in that 
line, as alſo on the apparent angles and diſtances from the interſecting 
line of the originals of any points in that elevated plane, though 
not on their perpendicular diſtances from the picture. 

The eye being placed in any point of the director of any original 
ales thoſe dimenſions of objects, which are parallel to the picture, 
appear unvaried both with reſpect to their magnitude and diſtance as 
above-mentioned ;- but the apparent place of the horizon will be 
changed, and ſeem as being above or below the true horizontal line, 
according as the eye is higher or lower than the true point of fight ; 
the original plane will accordingly appear as raiſed above or ſunk 
below the horizon, and the perpendicular ſupports of all original 
points appear as oblique ſupports ; alſo the apparent line, producing 
the vaniſhing point, will be increaſed, by altering the apparent place 
of the center of the picture, the originals of the parts of all inclining 


original lines will be judged proportionably greater than they really 
are, and the objects will thereby ſeem to occupy mare ſpace in depth, 


on this inclining plane, than they actually do, though their perpen- 
98 
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dicular diſtances from the picture are not affected. Now, ſeeing the 
eyei is ſuppoſed always in the fame director; ” the vertical line of the 
original plane will remain unaltered, and conſequently all elevated 
planes wilt appear inclining to the picture under the ſame angles as 
they would do from the true point of fight, but will not appear per- 
pendicular to the original plane, but as the planes of the oblique 
ſeats of lines on that plane, and thoſe lines in the planes of elevation 
which ſhould appear parallel to the horizon, ſuch as the ranges of 
windows, cornices, or other members in buildings of architecture, 
by the apparent change of theit centers, will appear elevated or de- 
preſſed above or below the horizon, according as the height of the 
eye is greater or leſs than that of the true point of fight. Alſo the 
apparent angles, formed by inclining lines in thoſe planes, and the 
apparent magnitudes of their parts, will be in like manner affected 
from the apparent changes in the centers, made by varying the 
lines which apparently *produce the vaniſhing points thereof. But 
ſo long as the eye continues in the ſame director, the perpendicular 
diſtances betwen the picture and all the points in thoſe planes con- 
tinue to appear as they ſhould do, by reaſon the director is, in this 
caſe, the-parallel of the eye with reſpect to the ſaid elevated planes. 

But, if the eye be placed any where in the line producing the va- 
niſhing point of any original line, farther from or nearer to the pic- 
ture than the true point of ſight, the center of the picture, hori- 
zontal and vertical lines will retain their true appearance, and all 
planes of elevation will continue to appear perpendicular to the original 
plane; but the diſtance of the eye, being thus varied, will have an 
effect upon the apparent magnitudes of the parts of all inclining 
original) lines, and conſequently on the apparent diſtanees of thoſe 
parts from the picture, and likewiſe on the apparent angles ſub- 
tended by lines joining the vaniſhipg points of lines in that plane, 
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for they will appear greater or leſs than they truly ought, accotding 
as the diſtance of the eye is leſſened os increaſed ; alſo the apparent 
inclinations of all elevated planes, and lines therein, with reſpect to 
each other and the picture, will be affected, except only the right angle 
contained by the parallels and perpendieulars to the interſecting lines 
of the ſeyeral planes, for they will all continue to appear perpendi- 
cular to each other, wherever the eye be placed in the line here 
mentioned, becauſe the center of the picture continues the ſame, 
the centers of all vaniſhing lines in the picture will remain unvaried; 
and the magnitudes of the parts of thoſe parallels, and of all other 


lines which meaſure the dimenſions of objects parallel to the picture, 
will be judged the ſame. | | 


PLATE VIII. Fig. 9. 

2 Thus, ſuppoſe S H to be the picture, C its center, O C its diſ- 
tance, O being now taken for the true point of ſight, if that diſtance 
be increaſed as to E, the apparent line above- mentioned will then be 
E C, and the apparent angle LE H, ſubtended by the line joining 
the vaniſhing points L and H, will be leſs than the true angle 
LOH, and would be more ſo, were the eye in ſome other point of 
that line between O and C, and the reſt, it is plain, is as above de- 
clared. 

Now, let V E be the vertical . C the center of the picture, 
OC its true diſtance, D F the line of ſtation; let A B be an original 
line in that plane perpendicular to the original plane, and. parallel to 
the picture, whoſe image, ſeen from O, the true point of ſight, is 
Kk y or q y. Let now the eye be ſuppoſed in E, then will K U, which 
is the apparent original of the image k y, although it appears. far- 
ther diſtant from the picture than its true original A B, be judged, 
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by the mind of the ſpectator, to be of the ſame ſize as AB; that 3 is, 
a e fot e to each other. SIE 

For, in the ſimilar triangles E O k, k A K, 

| Ek: k K:: OK: k A, | 
ane Ek+kK=EK:Ek: Ok4kA= OA: Ok. 
N But, in the ſimilar triangles E k y, E KU, | | 
EK:Ek::KU:ky, 
and, in the ſimilar triangles O k V, O A B, 
| OA:Ok::AB:ky; 
therefore, by a parity of reaſoning, 
,KU:Ky:;AB:ky, 

| conſequently KU AB. 3 

If we ſuppoſe E the true point of ſight, had O the point aſſumed 
for the place of the eye, the ſame reaſoning will ſnew, that the diſ- 
tance of the eye being leſſened, the original of k y will be judged 
nearer the picture than it really is, but ſtill of the ſame magnitude. 
Now, ſeeing it is as AB to ky, fo are all other lines in a plane 
parallel to the picture paſſing through A B to their images ſeen from 
the ſame point O, and likewiſe as K U is to ky, ſo are all other 
lines in à plane parallel to the picture, paſſing through K U to their 
images ſeen from E; therefore, ſeeing AB and K U are equal, the 
originals of all lines in the picture, which meaſure the dimenſions of 
objects parallel to it, will be judged of the ſame length, * the eye 
be placed where it will in the line O Cor E C. 

What has been advanced relating to the ſeveral poſitions of the : 
eye as being placed in its parallel, director, or as laſt-mentioned, is 
ealily applied to any other poſition of the eye Whatever; for, ſup- 
poling it placed any where in the directing plane, the conſequentes 
will be derived from what has been ſaid of the parallel and director, 
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and, if placed any where out of the directing plane, by taking in the 
above-mentioned conſiderations, the effects will readily appear, 

Upon the whole, we may obſerve, that the ill effects produced 
on the picture, by its not being viewed from the true point of ſight, 
are not ſo conſiderable by its being. ſeen from a point that is too near 
or too far, ſo long as the eye remains on a level with the horizontal 
line, as are thoſe which ſpring from a poſition of the eye that is 
higher or lower than it ought to be; and that a reaſonable licence 
may be allowed for deviating from the true point of ſight in 
viewing ſuch pictures as are on a plane ſurface, without incurring 
the fault of any other inconſiſtencies or miſrepreſentations, but 
what may, in ſome ſort, be corrected by the imagination of the 
ſpectator; but, as to thoſe pictures which are formed on other kinds 
of ſurfaces, as domes, or arched roofs, or other irregular figures, it 
is there abſolutely neceſſary to pay the ſtricteſt regard to the true 
point of ſight; for any the leaſt variation from it, occaſions the 
moſt groſs appearances, and makes the figures ſeem as being diſ- 
Jointed, broken or diſtorted, and the unity of the repreſentation is 
thereby deſtroyed. 

Having far exceeded the bounds firſt preſcribed to this little 
Trac, we. here conclude, reſerving the doctrine of ſhadows, the 
method of applying perſpeCtive to ſcenographical repreſentations, as 
now practiſed in painting the ſcenes of theatres, the manner of draw- 
ing anamorphoſes or deformed appearances,' &c. for a future diſ- 
quiſition. 
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